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1. INTRODUCTION
Over the past two decades or so there has been quite a bit of mathematical interest in scatter-
ing theories for particles in black-hole type geometries. For rotating black holes, due to super-
radiance, it is well known that the usual energy functional of integer spin particle fields is no
longer positive-definite, this leads to obvious technical difficulties that havenevertheless been
overcome in several situations cf. [19,25]. On theotherhand, forDiracfields, there is still a con-
served current which leads to a natural Hilbert space framework adapted to a spectral theory
approach. Scattering theories for massive or massless Dirac fields have been constructed in
this manner in the exterior region of Reissner-Nordström, slow Kerr and Kerr-Newman black
holes [7, 28]. More recently, there has been interest in non-asymptotically flat backgrounds
such as Schwarzschild-de Sitter [21] slow Kerr Newman-de Sitter [9] and slow Kerr-Newman-
AdS [4] black holes.
In this paper we study the case of an extreme Kerr-de Sitter black hole, in a region situated
between what we will refer to as a “double" horizon and a usual “simple" one. We will adopt
the point of view of a class of observers for which these regions are asymptotic. It has already
been noted, for example in [4], that the presence of the simple horizon is enough to ensure
that the usual proof of the absence of eigenvalues - via a Grönwall inequality exploiting the
separability of the Dirac equation- follows through without modification. We will show that,
additionally, a conjugate operator in the sense ofMourre theory [2,26] canbe constructed in an
analogous fashion to that in the exterior of a Kerr black hole. A direct consequence of this is a
minimal velocity estimate [15,32], which is sufficient for the constructionof intermediatewave
operators between the full Dirac operator and an operator that is compatible with a Hilbert
decomposition of L2(S2), allowing us then to adapt the results of [7, 8] and compare with the
natural asymptotic profiles.
1.1. The Kerr-de Sitter metric. Throughout this text, we will mainly use the usual Boyer-
Lindquist like coordinates (t , r,θ ,ϕ) in which the Kerr-de Sitter metric is known to be (sig-
nature (+,−,−,−)):
(1.1) g =
∆r
Ξ2ρ2
[dt −a sin2θdϕ]2− ρ
2
∆r
dr 2− ρ
2
∆θ
dθ 2 − ∆θ sin
2θ
ρ2Ξ2
[(r 2+a 2)dϕ−adt ]2,
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where:
(1.2)
l 2 =
Λ
3
, ∆r = r
2−2M r +a 2− l 2r 2(r 2+a 2),
Ξ= 1+a 2l 2, ∆θ = 1+a
2l 2 cos2θ ,
ρ2 = r 2+a 2 cos2θ .
It depends on three parameters a ,M ,Λ, the angular momentum per unit length of the black
hole, the mass of the black hole and the cosmological constant, respectively. We will always
assume l > 0.
The above expression is singular when∆r = 0 or ρ = 0, however, the manifold can be analyti-
cally extended across the singularities {∆r = 0}. In such an extension, the roots of∆r give rise
to null hypersurfaces that we will refer to as horizons. They will be labelled by the root ri to
which they correspond as so: Hri . If ri is a double (resp. simple) root of∆r ,Hri will be said to
be a “double" (resp. “simple”) horizon.
In, for instance, [5], it is shown that the roots of∆r can be labelled such that either:
(1) r−− < 0< r− < r+ < r++
(2) r−− < 0< r− = r+ < r++
(3) r−− < 0< r− < r+ = r++
(4) r−− < 0< r− = r+− r++
(5) r−− < r++, r−, r+ ∈C \R.
We will refer to case (2) as extreme Kerr-de Sitter; a necessary and sufficient condition for this
is:
(1.3)
|a |l < 2−
p
3,
M 2 =
(1−a 2l 2)(a 4l 4+34a 2l 2+1)−γ 32
54l 2
,
where γ= (1−a 2l 2)2−12a 2l 2. In this situation the double root is given by:
(1.4) re
1=
12a 2l 2+ (1−a 2l 2)(1−a 2l 2−pγ)
18Ml 2
For future reference, we quote the following useful properties of re :
1In [5] it was denoted by x
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(1.5)

 0≤ re <
4
3
a 2
M
l 2r 4e +a
2 =M re
Finally, we note that the other two roots r++ and r−− are equally those of the polynomial:
(1.6) X 2 +2re X −
a 2
l 2r 2e
.
To avoid unnecessarily complicated subscripts, we will now rename the roots of ∆r as fol-
lows:
r− < 0< re < r+.
The region, B , inwhichwewill study the scattering of Dirac fields is defined in the coordinates
(t , r,θ ,ϕ) by re < r < r+. In essence, B = R+×]re , r+[×S2, with the metric given by (1.1), that
extends analytically to the poles. It is between two horizons, one double, one simple and it is
the effect of the double horizon that we wish to understand.
The scattering problemwill be considered from the point of view of a stationary observer with
world-line:
r = r0,θ = θ0,ϕ =ωt +φ0,ω∈R, r0 ∈]x , r+[,θ0 ∈]0,π[,φ0 ∈]0,2π[.
Proper time for such anobserver differs from the coordinate function t only by amultiplicative
constant depending on the parameters of the trajectory. For this family of observers photons
travelling, say, along a principal null geodesic, which are in some sense the most direct tra-
jectories for light to travel towards one of the horizons, will not reach it in finite time. For
instance, the coordinate time t necessary for a photon, emitted from r = r0 at t = t0, to reach
H+ travelling along such a curve is:
(1.7) t − t0 =
∫ r+
r0
Ξ(r 2+a 2)
∆r
dr =+∞
In fact, for our purposes, it will be appropriate to replace the coordinate r , by the Regge-
Wheeler type coordinate r ∗ =
∫
Ξ(r 2+a 2)
∆r
dr appearing in this computation. Bydefinition:
(1.8) dr ∗ =
Ξ(r 2 +a 2)
∆r
dr.
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It will be useful to calculate an explicit expression for r ∗ by a partial fraction decomposition of
the integrand:
(1.9)
r 2+a 2
(r − r−)(r − re )2(r − r+)
=
α
r − r−
+
β
r − r+
+
γ
r − re
+
δ
(r − re )2
.
The coefficients α,β ,γ,δ are given by
α=− r
2
− +a
2
(r+− r−)(re − r−)2
, β =
r 2
+
+a 2
(r+− re )2(r+− r−)
, δ=
r 2e +a
2
(re − r−)(re − r+)
,
γ=
d
dr
r 2+a 2
(r − r−)(r − r+)

r=re
=
2re
(re − r−)(re − r+)
− (r
2
e +a
2)(2re − r−− r+)
(re − r−)2(re − r+)2
.
Alternatively, they can be written:
α=− l
2
s
re
M
r 2− +a
2
(re − r−)2
< 0, β =
l
2
s
re
M
r 2
+
+a 2
(r+ − re )2
> 0, δ=
l 2r 2e (r
2
e +a
2)
3M re −4a 2
< 0,
γ=−2l
2r 3e (2r
2
e −7M re +6a 2)
(3M re −4a 2)2
< 0.
The sign of γ follows from the following relations:
 r
2
e l
2(r 2e +a
2) = r 2e +a
2−2M re
0< 3M re −4a 2−2r 2e l 2(r 2e +a 2) = 7M re −6a 2−2r 2e
The expression of r ∗ is therefore:
(1.10)
r ∗ =
Ξ
2l
s
re
M
ln
 |r − r−|η−
|r − r+|η+

+
r 2e (r
2
e +a
2)
3M re −4a 2
Ξ
r − re
+
2r 3e (2r
2
e −7M re +6a 2)
(3M re −4a 2)2
Ξ ln |r − re |+R0.
Above, R0 is an arbitrary real constant and η± =
r 2±+a
2
(re−r±)2 .
From (1.10), one can deduce the following asymptotic equivalences:
Lemma 1.1.
(1.11) r+− r ∼
r ∗→+∞ e
− 2l
Ξη+
Ç
M
re
r ∗
(1.12) r − re ∼
r ∗→−∞
r 2e (r
2
e +a
2)Ξ
3M re −4a 2
1
r ∗
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(1.11) is true for a suitable choice of R0: it is the usual behaviour that we have come to expect
at a simple black hole horizon. The decay near the double horizon, however, is a lot slower
and will be the source of technical difficulties when constructing a scattering theory.
1.2. The Dirac equation.
1.2.1. Notations. On B ,∆r > 0 and the coordinate t is a “time function”, providing a foliation
(Σt )t ∈R of B into spacelike Cauchy hypersurfaces. B is therefore an orientable globally hy-
perbolic 4-manifold and as such, by a result due to R. Geroch [17, 18], possesses a global spin
structure.
In this section we will adopt Penrose’s abstract index notation (cf. [29]) denoting by SA the
module of sections of the two-spinor bundle S and, SA
′
, that of the pointed two spinor bundle
S′; lowered indices are used for sections of the dual bundles. We recall that SA is identified
with SA
′
via complex conjugation and to SA via the canonical symplectic form ǫAB according
to:

 κB = κ
AǫAB =−ǫBAκA
κA
′
= κA
, κA ∈ SA .
The bundle S ⊗ S′ can be identified with the complexified tangent bundle C ⊗ T B and fi-
nally:
ǫABǫA′B ′ = gab
Following [27], wewill refer to elements ofSA⊕SA
′
asDirac spinors, themassiveDirac equation
for a spin-12 Dirac spinor (φA ,χ
A′) is then:
(1.13)

 ∇
AA′φA =µχ
A′
∇AA′χA
′
=−µφA
, µ=
mp
2
To convert this into a system of four scalar equations we will use the local spin-connection
forms αAB a of a local normalised spin frame (ǫ
A
A )A∈{0,1} defined by:
αAB a = ǫ
A
B∇a ǫBB .
Givenanyorthonormal frame g aa andanormalised spin frame ǫ
A
A such that the vectorfields:
l a = ǫA0 ǫ
A′
0′ n
a = ǫA1 ǫ
A′
1′ m
a = ǫA0 ǫ
A′
1′
of the Newman-Penrose tetrad (l a ,na ,ma ,m¯a ) satisfy:
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(1.14)

l a =
g a0 +g
a
1p
2
na =
g a0 −g a1p
2
ma =
g a2 +i g
a
3p
2
,
then the spin connection forms are given in terms of the local connection forms ωij in the
basis g aa by:
α00 =
ω01+ iω
2
3
2
, α10 =
ω20+ω
2
1
2
+ i
ω30+ω
3
1
2
, α01 =
ω20−ω21
2
− i ω
3
0−ω31
2
.(1.15)
A spin connection is a sl(2,C)-valued one-form, so necessarily α11 = −α00. In terms of the co-
variant derivative, this is equivalent to the requirement that∇a ǫAB = 0.
The forms αA
′
B ′a
= ǫA
′
B ′ (∇a ǫB
′
B ′) satisfy:
(1.16) αA
′
B ′a
=αAB a
Remark 1.1. • It shouldbe remarked that our conventionsdiffer slightly fromthose in [29],
namely, we identifyR4 to H (2,C) via the isomorphism :
ϕ :
R4 −→ H (2,C)
x0
x1
x2
x3

7−→

 x0 + x1 x2− i x3
x2+ i x3 x0 − x1


• Consider the Lie group morphism Λ : SL(2,C)→ SO+(1,3) defined by associating to any
A ∈ SL(2,C) the matrix Λ(A) of the linear map u defined by u (x ) = ϕ−1(Aϕ(x )A∗), x ∈
R4 expressed in the canonical basis of R4. Then, viewing ω = (ωij )i , j∈¹0,3º and α =
(αAB )A,B∈{0,1} as matrix valued one-forms, it follows that for any (p ,v )∈ TM :
αp (v ) =Λ
−1
∗ (ωp (v ))
where Λ∗ is the Lie algebra isomorphism induced by Λ.
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Once a choice of spin-framehasbeenmade, equation (1.13) canbewritten as four scalar equa-
tions in termsof the componentsφA ,χA′ of the spinorfields. For instance, the equation:
∇AA′φA =−µχA′ ,
becomes,
∇AA′φA +φAαBA CC ′ǫ
C
B ǫ
C ′
A′ =−µχA′ .
For A = 0′, this translates to :
l a∇aφ0+ m¯a∇aφ1 +φ0
 
α00a l
a +α10a m¯
a

+φ1
 
α01a l
a +α11a m¯
a

=−µχ0′ ,
or, equivalently:
l a∇aφ1− m¯a∇aφ0+φ1
 
α00a l
a +α10a m¯
a

−φ0
 
α01a l
a +α11a m¯
a

=µχ1
′
.
Overall, we obtain the following system of equations for the components:
(1.17)

l a∇aχ0
′
+ma∇aχ1
′
+χ0
′  
α0
′
0′a l
a +α1
′
0′am
a

+χ1
′  
α0
′
1′a l
a +α1
′
1′am
a

=−µφ0
m¯a∇aχ0
′
+na∇aχ1
′
+χ0
′  
α0
′
0′a m¯
a +α1
′
0′an
a

+χ1
′  
α0
′
1′a m¯
a +α1
′
1′an
a

=−µφ1
ma∇aφ1−na∇aφ0+φ1
 
α00am
a +α10an
a

−φ0
 
α01am
a +α11an
a

=−µχ0′
l a∇aφ1− m¯a∇aφ0+φ1
 
α00a l
a +α10a m¯
a

−φ0
 
α01a l
a +α11a m¯
a

=µχ1
′
By (1.16), it follows that for any complex vector fields ua ,v a :
αA
′
B ′a
u¯a +αC
′
D ′a
v¯ a =αAB au
a +αCD a v
a .
Thus, defining:
F =α00a l
a +α10a m¯
a ,
G =α01a l
a +α11a m¯
a ,
F1 =α
0
1am
a +α11an
a ,
G1 =α
0
0am
a +α10an
a ,
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(1.17) can be rewritten:
(1.18)

l a∇aχ0
′
+ma∇aχ1
′
+χ0
′
F +χ1
′
G =−µφ0
m¯a∇aχ0
′
+na∇aχ1
′
+χ0
′
G1+χ
1′F1 =−µφ1
ma∇aφ1−na∇aφ0+φ1G1−φ0F1 =−µχ0
′
l a∇aφ1 − m¯a∇aφ0+φ1F −φ0G =µχ1
′
1.2.2. Dirac equation in the “Boyer-Lindquist" frame. Wewill first use the results in [5] to write
the Dirac equation in the frame:
(1.19)
g a0
∂
∂ x a
=
Ξ
ρ
p
∆r
 
(r 2+a 2)∂t +a∂ϕ

,
g a1
∂
∂ x a
=
p
∆r
ρ
∂r ,
g a2
∂
∂ x a
=
p
∆θ
ρ
∂θ ,
g a3
∂
∂ x a
=
Ξ
sin θ
p
∆θ ρ
 
∂ϕ +a sin
2θ∂t

.
The expressions for F,G ,F1,G1 are given by:
F =
1
2
p
2
p
∆rρ3

∆
′
r
2
ρ2 +∆r (r + ia cosθ )

,
G =
1
2
p
2
p
∆θ sinθρ3
 
ia∆θ sin
2θ (r + ia cosθ ) + cosθρ2(1+a 2l 2 cos(2θ ))

,
F1 =−F,
G1 =G ,
where∆′r =
∂∆r
∂ r .
In matrix form, withψ= t
 
φ0,φ1,χ
0′ ,χ1
′
, (1.18) is then:
i (γµ∂µ+V )ψ=mψ.
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In the above:
V =
p
2

0 0 i F¯ i G¯
0 0 i G¯ −i F¯
i F iG 0 0
iG −i F 0 0

,
γt =
Ξ(r 2+a 2)p
∆rρ2

 0 i I2
−i I2 0

− i a sinθΞp
∆θρ2

 0 σy
σy 0

 ,
γr = i
√√∆r
ρ2

 0 σz
σz 0

 , γθ = i√√∆θ
ρ2

 0 σx
σx 0

 ,
γϕ =
aΞp
∆rρ2

 0 i I2
−i I2 0

− i Ξp
∆θρ2 sinθ

 0 σy
σy 0

 .
The γµ are the so-called “gammamatrices” that satisfy the Clifford algebra anti-commutation
relations:
{γµ,γν} = 2g µνId4.
σx ,σy ,σz are the Pauli matrices,
σx =

 0 1
1 0

 , σy =

 0 −i
i 0

 , σz =

 1 0
0 −1

=−iσxσy
1.2.3. Change of spin-frame. Whilst adapted to the study of the algebraic structure of the cur-
vature of the Kerr-de Sitter metric, the orthonormal frame g aa and its associated normalised
spin-frame ǫAA
2 are not well aligned with the foliation of B with the space-like level hypersur-
faces of t , in the sense that g a0 is not parallel to∇a t . Following [7,28], we switch to anew frame
in which the timelike vector is colinear to the future pointing vector field∇a t .
Since∇a t ⊥ = span(∂r ,∂θ ,∂ϕ)wemake the simplest choice:
g ′a0 =
∇a tp
|∇a t∇a t |
, g ′a1
∂
∂ x a
=
1p−g r r ∂r , g ′a2 ∂∂ x a = 1p−gθθ ∂θ , g ′a3 ∂∂ x a = 1p−gϕϕ ∂ϕ
The matrix P of the Lorentz transformation Lba that sends g
a
a to g
′a
a is given by:
2determined up to sign
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(1.20) P =Mg ′aa ,g bb
(I d ) =

p
∆θ (r
2+a 2)
σ 0 0 −
a sinθ
p
∆r
σ
0 1 0 0
0 0 1 0
−a sinθ
p
∆r
σ 0 0
p
∆θ (r
2+a 2)
σ

,
where we have definedσ2 =∆θ (r
2+a 2)2−∆r a 2 sin2θ .
Up to sign, the spin transformation S ∈ SL(2;C) that corresponds to P is:
(1.21) S =

Æ
σ+
2σ
ia sinθ
p
∆rp
2σσ+
− ia sinθ
p
∆rp
2σσ+
Æ
σ+
2σ
 ,
in the above formulaσ+ =σ+
p
∆θ (r
2 +a 2). It is useful to note thatσ+ satisfies:
σ2
+
−a 2 sin2θ∆r = 2σσ+
The appropriate changeof basismatrix inSAp⊕SA
′
p at eachpointp of block II is givenby:
(1.22) P˜ =

 t S−1 0
0 S¯

=sσ+
2σ
I4 +
a sinθ
p
∆rp
2σσ+

 −σy 0
0 σy


The equation satisfied byψ′ = P˜−1 ψ is hence:
(1.23) i P˜ −1(γµ∂µ+V )P˜ψ
′ = mψ′
The left-hand side is:
i P˜ −1(γµ∂µ+V )P˜ = i

γ˜µ∂µ+ V˜ + P˜
−1γµ
∂ P˜
∂ xµ

,
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where:
(1.24)
γr = γ˜r , γθ = γ˜θ , V˜ = V , γ˜t =
Ξσp
∆r∆θρ

 0 i I2
−i I2 0

 ,
γ˜ϕ =
aΞq 2ρ
σ
p
∆r∆θ

 0 i I2
−i I2 0

− i Ξρ
σsinθ

 0 σy
σy 0

 ,
P˜ −1γr
∂ P˜
∂ r
=
p
∆r
ρ
fr

 0 −σx
σx 0

 , P˜ −1γθ ∂ P˜
∂ θ
=
p
∆θ
ρ
fθ

 0 σz
−σz 0

 .
In the above formulae, we have introduced the following notations:
q 2 = (∆θ (r
2+a 2)−∆r )ρ−2,
fr =
a sinθ
p
∆θ
2σ2
p
∆r

−∆
′
r
2
(r 2+a 2) +2r∆r

, fθ =−
a
p
∆r (r
2+a 2)cosθΞ
2σ2
p
∆θ
.
We conclude this section by introducing a density spinor:
(1.25) Φ=

∆rρ
2σ2
∆θ (r 2+a 2)2Ξ4
 1
4
︸ ︷︷ ︸
α(r,θ )−1
ψ′.
It satisfies almost the same equation asψ′ except for two additional terms:
iγ1∂r (lnα(r,θ ))Φ+ iγ
2∂θ (lnα(r,θ ))Φ
Overall the equation becomes:
(1.26) i γ˜0∂tΦ+ i γ˜
1∂rΦ+ i γ˜
2∂θΦ+ i γ˜
3∂ϕΦ+ iV1Φ=mΦ,
with:
(1.27) V1 =

0 0 i ¯˜F i ¯˜G
0 0 i ¯˜G −i ¯˜F
i F˜ iG˜ 0 0
i G˜ −i F˜ 0 0

,
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(1.28)
F˜ =
p
2F + i
p
∆θ
ρ
fθ +
p
∆r
ρ
∂r lnα(r,θ ),
G˜ =
p
2G − i
p
∆r
ρ
fr +
p
∆θ
ρ
∂θ lnα(r,θ ).
More explicitly:
F˜ =
i
p
∆r a cosθ
2ρ3
− ia
p
∆r (r
2+a 2)cosθΞ
2σ2ρ
+
p
∆r a
2 sin2θ
2ρσ2(r 2+a 2)

∆
′
r
2
(r 2+a 2)−2r∆r

,
G˜ =
ia∆θ sin
2θ r + cosθρ2Ξ−3a 2l 2 sin2θ cosθρ2
2
p
∆θ sinθρ3
+
p
∆θa
2 sinθ cosθ
2ρσ2
 
(r 2+a 2)Ξ−2M r

− ia sinθ
p
∆θ
2σ2ρ

2r∆r −
∆
′
r
2
(r 2+a 2)

.
Rewriting (1.26) as an evolution equation, and introducing DS2 , the Dirac operator on the 2-
sphere, we obtain the following form of the Dirac equation:
(1.29) i∂tΦ+ i
∆r
p
∆θ
Ξσ
Γ
1∂rΦ−
p
∆r∆θ
Ξσ
DS2Φ+
iaq 2ρ2
σ2
∂ϕΦ
+
i
p
∆r∆θ
σsinθ

ρ2
σ
−
p
∆θ
Ξ

Γ
3∂ϕΦ+
i
p
∆r∆θρ
σΞ
V˜1Φ=
p
∆r∆θ
Ξσ
ρmΓ 0Φ
This can be written as a Schrödinger equation i
∂ Φ
∂ t
=HΦwithH given by:
H =
∆r
p
∆θ
Ξσ
Γ
1Dr +
p
∆r∆θ
Ξσ
DS2 +
aq 2ρ2
σ2
Dϕ +
p
∆r∆θ
σsinθ

ρ2
σ
−
p
∆θ
Ξ

Γ
3Dϕ
− i
p
∆r∆θρ
σΞ
V˜1+
p
∆r∆θ
Ξσ
ρmΓ 0.
(1.30)
In the above, we have adopted similar notations to [7]:
Γ
0 = i

 0 I2
−I2 0

 , Γ 1 = diag(−1,1,1,−1), Γ 2 =

 −σx 0
0 σx

 , Γ 3 =

 σy 0
0 −σy


V˜1 = F˜ ⊠ Γ
1+

G˜ − cotanθ
p
∆θ
2ρ

⊠ Γ
2, DS2 =

Dθ − i
cotanθ
2

Γ
2+
Dϕ
sinθ
Γ
3
Dϕ =−i∂ϕ , Dr =−i∂r , Dθ =−i∂θ .
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Theoperation c⊠Awith c ∈CandA =

 A1 0
0 A2

ablock-diagonalmatrix isdefinedby:
c ⊠A =

 c A1 0
0 c¯ A2

 .
It has the following simple properties:
(1) ⊠ is distributive with respect to addition,
(2) It isC-homogenous in A andR-homogenous in c ,
(3) (c ⊠A)∗ = c¯ ⊠A∗,
(4) If c ∈R, c ⊠A = c A.,
(5) If A is hermitian, (−i (c ⊠A))∗ =−i (c ⊠A) +2iℜ(c )A.
2. ANALYTIC FRAMEWORK
2.1. Hilbert space. Asmentioned in the introduction, it is well known that the current: jAA′ =
φAφ¯A′+χA′χ¯A is conserved for solutions (φA ,χ
A′) to theDiracequation. Thus the total charge:
(2.1) Q =
∫
Σt
T a jaωg ,Σt ,
is conserved. ωg ,Σt =
Ç
∆r
∆θ
ρσ
(r 2+a 2)Ξ2dr
∗∧ (sinθdθ ∧dϕ) is the induced volume form on Σt and
T a is colinear to∇a t andnormalised, for convenience, such thatT aTa = 2. Q defines an inner
product on spinors defined on any slice3Σt t ∈R, and gives rise to aHilbert spaceHt . Solving
the Dirac operator can be thought of as finding a family of isometries U (u , s ) : Hs 7→ Hu ,
U (s , s ) = Id,U (u , s )U (s ,w ) =U (u ,w ) for any u , s ,w ∈R.
The framework sketched here can nevertheless be significantly simplified since ∂t is a global
Killing-field on B . All slices Σt are thus isometric, in particular, B is isometric to R ×Σ for
some fixed Σ. Furthermore, theHt can all be identified and so one can view the problem as
an evolution problem on a fixed Hilbert spaceH . With our choices of local spin-frame and
coordinates, the latter can be assimilated with L2(Σ)⊗C4 = L2(Rr ∗ × S2)⊗C4. Since we also
choose to work with spinor densities, it is equipped with its natural inner product:
(φ,ψ) =
∫
〈φ,ψ〉C4dr ∗dΩ, dΩ= sinθdθdϕ.
3These can be thought of as either sections of the pullback bundle of S via the canonical injection, or, sections
of the spinor bundle on Σs ; there is an identification between them since dimB = 4.
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We refer to [27] for a more detailed discussion on the framework outlined above.
2.2. Symbol spaces. In what follows we will attempt to treat the operatorH defined in (1.30)
as a perturbation of another operator. In order to have a succinct language in which to dis-
tinguish the asymptotic behaviour of the coefficients ofH , we introduce the following symbol
spaces:
Π=
¦
f ∈C∞(Σ),∀(α1,α2,α3) ∈N3,∂ α1r ∂
α2
θ ∂
α3
ϕ f ◦ψ−1 ∈ L∞(]x , r+[×S2)
©
,
Sm ,n =

 f ∈C∞(Σ),∀(α1,α2,α3) ∈N3,∂ α1r ∗ ∂ α2θ ∂ α3ϕ f ◦ψ∗−1 =

 Or ∗→+∞
 
e −mκr
∗
O
r ∗→−∞
 
1
r ∗n+α1


 , (m ,n )∈N2.
ψ and ψ∗ denote the coordinate charts (r,θ ,ϕ) and (r ∗,θ ,ϕ) respectively and κ is defined
by:
(2.2) κ=
l
Ξη+
√√M
re
.
By extension, ifM ∈ C∞(Σ)⊗M4(C),we will also writeM ∈ Sm ,n (resp. M ∈Π) if the operator
norm of the matrix M , ||M ||, is an element of Sm ,n (resp. Π); this is of course equivalent to
the requirement that each of its components satisfies the appropriate condition. Finally, we
define:
(2.3) S∞,n =
⋂
m
Sm ,n , Sm ,∞ =
⋂
n
Sm ,n .
Many of the functions f at hand will be naturally expressed in the coordinate chart ψ, the
following results will enable us to infer rapidly the asymptotic behaviour of the function when
expressed in the chart ψ∗. The only missing information is the relationship between partial
derivatives with respect to r and those with respect to r ∗. From (1.8), one has:
(2.4) ∂r ∗ =
∆r
Ξ(r 2+a 2)
∂r .
Let us prove:
Lemma 2.1. Define the map α on Σ by its coordinate expression: α ◦ ψ−1 = ∆r
Ξ(r 2+a 2) , then:
(2.5) α ∈ S 2,2.
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Proof. Remark first that, from equations (1.11) and (1.12), since x is a double root of the poly-
nomial∆r , we have:
(2.6) ∆r = O
r ∗→−∞

1
r ∗2

, ∆r = O
r ∗→+∞
 
e −2κr
∗
, ∆′r = Or ∗→−∞

1
r ∗

.
Hence:
(2.7)
α(r ∗) = O
r ∗→−∞

1
r ∗2

, α(r ∗) = O
r ∗→+∞
 
e −2κr
∗
,
∂rα(r
∗) = O
r ∗→−∞

1
r ∗

, ∂rα(r
∗) = O
r ∗→+∞
(1).
For any n ≥ 2, it is easy to see that ∂ nr α(r ∗) =O (1).
Now, ∂r ∗α(r
∗) =α(r ∗)∂r α(r ∗), so we have the correct behaviour at infinity after the first deriv-
ative. We claim that for n ≥ 1:
(2.8) ∂ nr ∗α(r
∗) =
n∑
k=1
fk (r
∗)(∂rα(r
∗))βk (α(r ∗))k ,
where αk ∈N, fk ∈Π and βk +2k ≥ n +2 for each k ∈ ¹1,nº.
This is obvious for n = 1 and if such a relationship is true for some n ≥ 1, after differentiation
one has:
(2.9) ∂ n+1r ∗ α(r
∗) =
n∑
k=1
∂r fk (r
∗)(∂rα(r
∗))βk (α(r ∗))k+1+βk fk (r
∗)∂ 2r α(r
∗)(∂rα(r
∗))αk−1(α(r ∗))k+1
+
n∑
k=1
fk (r
∗)(∂rα(r
∗))βk+1(α(r ∗))k .
Therefore, ∂ n+1r ∗ α(r
∗) satisfies (2.8), with:
(2.10)
β˜n+1 =max(0,βn −1),
f˜n+1 = ∂r fn (∂rα)
βn−β˜n+1 +βn fn∂
2
r α,
β˜k =min(βk +1,max(0,βk−1−1)),k ∈ ¹2,nº,
f˜k = ∂r fk−1(∂rα)
βk−1−β˜k +βk−1 fk−1∂
2
r α(∂rα(r
∗))βk−1−1−β˜k + fk (∂rα)
βk+1−β˜k ,k ∈ ¹2,nº,
f˜1 = f1 = 1, β˜1 =β1+1= n +1.
The f˜k clearly satisfy the required hypothesis; if β˜k 6= 0, then, either β˜k =βk+1 or β˜k =βk−1−1.
In the first case, then:
β˜k +2k ≥ n +4,
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in the second case:
β˜k +2k ≥ n +2+2−1= n +3.
If β˜k = 0, then necessarily this impliesβk−1 ≤ 1. By hypothesis, βk−1 satisfies: βk−1+2k ≥ n+4,
so, necessarily, 2k ≥ n +3, and the hypothesis is equally satisfied. Hence, the result follows by
induction.
The asymptotics can now be read from (2.8), each term in the sum isO (α) =O (e −2κr
∗
) at r ∗→
+∞ and every term in the sum is O (r ∗−(n+2)) at r ∗→−∞. 
One can now use the Faà di Bruno formula4 to show that:
(2.11) f ∈Π⇒ f ∈ S 0,0, ∂r ∗ f ∈ S 2,2.
In particular, if f ∈Π and f (r ∗) = O
r ∗→−∞
( 1r ∗ ) then f ∈ S 0,1.
2.3. ϕ-invariance. Themetric on B does not dependon the coordinateϕ; this invariancewill
be exploited in two ways in this paper. Firstly, diagonalising Dϕ with anti-periodic boundary
conditions, any φ ∈H can be represented as:
φ(r,θ ,ϕ) =
∑
p∈Z+ 12
φp (r,θ )e
ipϕ .
The subspaces of this Hilbert sum are stable under the action ofH , andwe could just consider
the restriction of H to any such subspace; this would enable us to treat the terms with factor
Dϕ as potentials. However, some terms contain explicit coordinate singularities. To avoid
technical difficulties due to this, it is more convenient to work with the operator H p formally
defined onH by:
(2.12) H p =
∆r
p
∆θ
Ξσ
Γ
1Dr +
p
∆r∆θ
Ξσ
DS2 −
i
p
∆r∆θρ
σΞ
V˜1+
p
∆r∆θ
Ξσ
ρmΓ 0
+
aq 2ρ2
σ2
p +
p
∆r∆θ
σsinθ

ρ2
σ
−
p
∆θ
Ξ

Γ
3p .
The function
p
∆r∆θ
σsinθ

ρ2
σ −
p
∆θ
Ξ

is well-defined and bounded, because:
ρ2
σ
−
p
∆θ
Ξ
=
1
σΞ

Ξ
2ρ4 −∆θσ2
Ξρ2+
p
∆θσ

,
4See, appendix B
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and:
Ξ
2ρ4 −∆θσ2 = a 2 sin2θ
 
∆θ∆r +2Ξ(r
2+a 2)(l 2r 2−1) +a 2 sin2θ (Ξ2− l 4(r 2+a 2)2)

.
H p coincides with H on the subspace corresponding to the eigenvalue p ∈ Z+ 12 of Dϕ and
the coordinate singularity is absorbed into DS2 which is well-defined as an operator on the
sphere.
In later analysis, it will also prove convenient to rotate the coordinate system so as to cancel
the effects of rotation at the double horizon.
Setting c0 =
a
r 2e +a 2
, the coordinate transformation is:
t ′ = t
r ∗
′
= r ∗
θ ′ = θ
ϕ′ =ϕ− c0t
Naturally,ϕ and ϕ′ are circular coordinates. Due to theϕ-invariance of the metric,H p trans-
forms very little under this change of coordinates, in fact, we just have to perform the substi-
tution:
H p →H p − c0p .
From now on, unless otherwise stated, we will work in the rotated coordinates. For conve-
nience however, we will continue to call ϕ the new circular coordinate ϕ− c0t . Thanks to the
ϕ-invariance of our problem this should not cause any confusion.
2.4. A comparison operator. Almost all the operators we will study in this paper are pertur-
bations of a single operator H0 given by:
H0 = Γ1Dr ∗ + g (r
∗)D+ f (r ∗).(2.13)
The functions g and f satisfy:
g (r ∗) =
p
∆r
Ξ(r 2+a 2)
∈ S 1,1, f (r ∗) = ap
r 2+a 2
− ap
r 2e +a 2
∈ S 0,1,(2.14)
whilst, the operatorD is defined by:
D=∆
1
4
θDS2∆
1
4
θ .(2.15)
The structure of this comparison operator is very similar to that of those used in [7,28], except
that, here, the angular partD is a perturbation of the Dirac operator on the sphereDS2 , rather
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thanDS2 itself. The spectral properties of the latter, which are well-documented
5,were quite
essential to the analysis in [7,28], luckily,D shares many of them.
Lemma 2.2. Let S be the self-adjoint extension in L2(S2)⊗C2 of the operator:
(Dθ − i
cotθ
2
)σx +
Dϕ
sin θ
σy ,
defined on the subset of [C∞(S2)]2 with anti-periodic boundary conditions in ϕ. Denote its
domain D (S ).
Then S˜ =∆
1
4
θS∆
1
4
θ is self-adjoint on D (S ) and has compact resolvent.
Proof. S has a core consisting of smooth functions on which a simple calculation shows that:
S˜ =
p
∆θS −
i
2
a 2l 2 cosθ sinθp
∆θ
σx .
The expression extends to all of D (S ) by continuity in the graph topology. The estimates:
(2.16)
0≤
p
∆θ −1≤
∆θ −1p
∆θ +1
≤ a
2l 2
2
,
||iσx
a 2l 2 cosθ sinθ
2
p
∆θ
u ||2 ≤ a
4l 4
4
||u ||2 , u ∈ L2(S2,C2),
together imply:
(2.17) ||(
p
∆θ −1)Su − iσx
a 2l 2 cosθ sinθ
2
p
∆θ
u || ≤ a
2l 2
2
(||Su ||+ ||u ||) , u ∈D (S ).
It is easy to see from (1.3) that a
2l 2
2 < 1. Thus, by theKato-RellichPerturbationTheorem [23,24],
S˜ is self-adjoint onD (S ).
In order to show that S˜ has compact resolvent, it suffices to show that there is a z ∈ρ(S˜ ) such
that R (S˜ , z ) is compact, for, by the resolvent identity, the property will follow for all z ∈ρ(S˜ ). In
fact, in this perturbation theory setup, it is sufficient to show that there is some z ∈ρ(S ) such
that the following inequality holds:
(2.18)
a 2l 2
2
||R (z ,S )|| + a
2l 2
2
||SR (z ,S )||< 1,
where R (z ,S ) denotes the resolvent of the operator S at z .
Indeed, assuming (2.18), it follows from (2.17) that for any u ∈ L2(S2,C2):
5see, for example [1,6,33]
SCATTERING THEORY FOR DIRAC FIELDS NEAR AN EXTREME KERR-DE SITTER BLACK HOLE 20
||(S˜ −S )R (z ,S )u || ≤ a
2l 2
2
||SR (z ,S )u ||+ a
2l 2
2
||R (z ,S )u ||< ||u ||.
(S˜ − S )R (z ,S ) is therefore a bounded linear operator and I + (S˜ − S )R (z ,S ) is invertible with
bounded inverse. Moreover:
S˜ − z I = S + S˜ −S − z I = (I + (S˜ −S )R (z ,S ))(S − z I ).
Consequently, S˜ − z I has bounded inverse given by:
R (z ,S )(I + (S˜ −S )R (z ,S ))−1.
R (z ,S ) is compact because S has compact resolvent, so (S˜ − z I )−1 =R (S˜ , z ) is compact.
We show now there is z ∈ ρ(S ) such that (2.18) is satisfied. By self-adjointness, it suffices to
seek z of the form z = i c . A classical resolvent estimate shows then that: ||R (z ,S )|| ≤ 1|c | so
that ||R (z ,S )|| is arbitrarily small for |c | large enough. Furthermore, for any z ∈ ρ(S ) we have
||SR (z ,S )|| ≤ 1, since a 2l 22 < 12 , (2.18) holds for any |c |> 2. 
Lemma 2.3. One has:
• −σ(S˜ ) =σ(S˜ )
• σ(S˜ )∩]−1,1[= ;
In particular, the eigenvalues (λk )k∈Z∗ can be indexed by Z∗, in such a way that λ−k = −λk for
each k ∈Z∗.
Furthermore, for each k ∈Z∗, there is a subset Jk ⊂Z+ 12 , such that for each n ∈ Jk one can find
ψk ,n (θ ,ϕ) =

 αk ,n (θ )
βk ,n (θ )

e inϕ ∈ L2(S2,C2), ||ψk ,n || = 1, unique up to a complex phase, such
that S˜ψk ,n =λkψk ,n . Necessarily, these form a total orthonormal family of eigenvectors for S˜ .
Proof. To prove that the spectrum of S˜ is disjoint from the open unit interval, it is sufficient to
notice that, as a quadratic form, S˜2 ≥ 1. Indeed, for any u ∈D (S ):
(S˜ u , S˜u ) = (
p
∆θS∆
1
4
θ u ,S∆
1
4
θu ))≥ ||u ||2,(2.19)
because∆θ ≥ 1.
The other points will be proved in a slightly more involved case in section 4.4. 
Due to theblockdiagonal formofD, the following is an immediate consequenceof theabove:
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Corollary 2.1. The family:

ψ+k ,n =

 ψk ,n
0

 ,ψ−k ,n =

 0
ψk ,n

 ,k ∈Z∗,n ∈ Jk


is a total orthonormal family of eigenvectors ofD.
These results are sufficient to construct a natural decomposition of H that can be used to
obtain a convenient representation of the operator H0. However, we begin by noting that the
subspaces L2(R)⊗ span{ψ+
k ,n ,ψ
−
k ,n},k ∈ Z∗,n ∈ Jk , are not stable under the action of Γ 1. In-
deed, ifψ is an eigenvector with eigenvalue λ ofD, then since Γ 1 anti-commutes with Γ 2 and
Γ
3, Γ 1ψ is an eigenvector with eigenvalue −λ. In particular, the block diagonal form of Γ 1 im-
plies that Γ 1ψ±
k ,n and ψ
±
−k ,n must be colinear (because ψk ,n is unique up to scaling). In fact,
Γ
1 being unitary, one has Γ 1ψ±
k ,n =±ψ±−k ,n for some z ∈ S1. The familyψk ,n remains total and
orthonormal ifψ−k ,n is rescaled to absorb the complex phase factor, so one can assume that:
Γ
1ψ±
k ,n =ψ
±
−k ,n .
The subspaces:
Hk ,n = L2(R)⊗ span

ψ+k ,n ,ψ
+
−k ,n ,ψ
−
k ,n ,ψ
−
−k ,n
	
,k ∈N∗,n ∈ Jk ,
are then naturally stable under Γ 1 and therefore, underH0, andH =
⊥⊕
k ,n
Hk ,n .
For each (k ,n ),Hk ,n can be isometrically identified to [L2(R)]4 by the map:
(2.20) bk ,n :
Hk ,n −→ [L2(R)]4
u1ψ
+
k ,n +u2ψ
+
−k ,n
+u3 ψ
−
k ,n +u4ψ
−
−k ,n
7−→ 1p
2

u1−u2
u1+u2
u3+u4
u3−u4

.
Through this identification the restriction, H k ,n0 , ofH0 toHk ,n can be written:
(2.21) H k ,n0 = Γ
1Dr ∗ −λk ,ng (r ∗)Γ 2+ f (r ∗)
SCATTERING THEORY FOR DIRAC FIELDS NEAR AN EXTREME KERR-DE SITTER BLACK HOLE 22
This is clearly a boundedperturbationof the self-adjoint operator Γ 1Dr ∗ withdomain [H
1(R)]4,
hence it is self-adjoint on the same domain.
We are now ready to use the lemma below6 to obtain a description of a domain where the
formal expression forH0 is self-adjoint.
Lemma 2.4. Let X be a Hilbert space and (Xn )n∈N a family of subspaces of X such that:
X =
⊥⊕
n∈N
Xn ,
where the sum is topological. Let (An )n∈N be a sequence of operators An on Xn , such that for
each n, An is self-adjoint on its domain D (An ). Then the operator A defined by:
Ax =
∑
n
An xn ,
if x =
∑
n xn , xn ∈ Xn for any n ∈N is self-adjoint on:
D (A) = {x =
∑
n
xn ∈ X ,
∑
n∈N
||An xn ||2 <∞}.
Proof. It is clear that A is densely defined. In order to show that A is closed, denote by Pk
the orthogonal projection onto Xk for each k ∈N and suppose that (xm )m∈N is a sequence of
points of D (A) such that xm → x and Axm → y in X . Then for any k ∈ N, Pk xm → Pk x and
PkAx
m = AkPk x
m → Pk y by definition, but since Ak is closed, it follows that Pk x ∈D (Ak ) and
Pk y = AkPk x . Thus,
∑
k ||AkPk x ||2 =
∑
k ||Pk y ||2 <+∞ so x ∈D (A) and Ax = y .
To prove that A is self-adjoint we show that A+z has dense range for any z ∈C\R. Let y ∈ X be
such that (Ax + z x , y ) = 0 for any x ∈D (A). In particular, for each k ∈N, and every x ∈D (Ak ),
(Ak x + z x ,Pk y ) = 0, but then, since Ak is self-adjoint, Pk y = 0 for any k ∈N, i.e. y = 0. 
The natural domain forH0, which is alwaysmeaningful in the distributional sense, is certainly
{u ∈H ,H0u ∈H }, this, in fact, coincides with the domain of the operator given by the pre-
vious lemma:
D (H0) = {u =
∑
k ,n
uk ,n ∈H ,
∑
k ,n
||H k ,n0 uk ,n ||2 <∞}.
The proof is analogous to the proof of lemma 3.5 in [28].
Since for each k ∈ N∗,n ∈ Jk , D

H
k ,n
0

is isometric to [H 1(R)4], and S (R) is dense in H 1(R),
we deduce immediately a core forH0, that we will simply denote by S . This core will be con-
venient for many computations, in particular, it will justify the use of the Leibniz rule when
computing commutators. More precisely:
Lemma 2.5. S =
⊥⊕
k ,n
S (R)⊗ span

ψ+k ,n ,ψ
+
−k ,n ,ψ
−
k ,n ,ψ
−
−k ,n
	
is a core for H0.
6see lemma 3.5 in [28]
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Proof. For any k ,n , H k ,n0 is self-adjoint on D (H
k ,n
0 ) = b
−1
k ,n ([H
1(R)]4) (bk ,n is defined by equa-
tion (2.20))and [S (R)]4 is dense in [H 1(R)]4. Denote by Pk ,n the orthogonal projection onto
Hk ,n . Letu ∈D (H0)and ǫ ∈R∗+. For eachk ,n , one canfindφk ,n ∈ [S (R)]4 such that ||bk ,nPk ,nψ−
φk ,n ||[H 1(R)]4 ≤ ǫ 2
− k+n+22
Ck
, where Ck =λk ||g ||∞ + || f ||∞ +1, it follows that:
(2.22)
∑
k ,n
||Pk ,nψ− b −1k ,n (φk ,n )||2 ≤ ǫ2,∑
k ,n
||H0(Pk ,nψ− b −1k ,n (φk ,n ))||2 ≤ ǫ2.
Therefore,
∑
k ,n
Pk ,nψ− b −1k ,n (φk ,n ) converges to some y ∈D (H0).
Set φ =ψ− y , then ||φ −ψ||+ ||H0(φ−ψ)|| ≤ 2ǫ, and for every k ,n :
Pk ,nφ = Pk ,nψ−Pk ,n y = b −1k ,n (φk ,n ),
i.e. φ ∈S . ǫ being arbitrary this concludes the proof.

2.5. Short and long-range potentials. The construction of the wave operators, modified or
not, will mainly be based on Cook’s method7 or minor variations thereof. Because of this, it
will be interesting to investigate the integrability of the matrix-valued coefficients appearing
in our differential operators. Amongst those, we will call “potentials", the parts of the order 0
component of its symbol that vanish on the horizons. For our purposes, they will be split into
merely three groups. Namely a potential V is:
• short-range at +∞ (resp. −∞) if:
sup
r ∗≥0,ϑ∈S2
||〈r ∗〉αV ||<+∞ (resp. sup
r ∗≤0,ϑ∈S2
||〈r ∗〉αV ||<+∞)(2.23)
for some α> 1,
• long-range otherwise,
• of Coulomb-type at +∞ (resp. −∞) if V is long-range there and (2.23) holds with
α= 1.
The norm here is the operator norm on M4(C) and 〈.〉 denotes the Japanese bracket 〈r 〉 =p
r 2+1. In relationwith the symbol spaceswe introducedpreviously, letm ,n ∈Z and suppose
V ∈ Sm ,n , then:
• m ≥ 1⇒ V short-range at +∞,
7See for example chapter 37 in [24]
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• n ≥ 2⇒ V short-range at −∞,
• n = 1⇒ V of Coulomb type at −∞.
2.6. Self-adjointness of H p . It is now relatively easy to prove the self-adjointness of H p , we
first introduce the function:
(2.24) h (r,θ ) =∆
1
4
θ
√√ r 2+a 2
σ
,
it satisfies the following properties:
|h2−1|< 1,(2.25)
∂θh =∆r
(r 2+a 2)a 2 sinθ cosθΞ
2h
p
∆θσ3
∈ S2,2.(2.26)
Proof. The first property follows from the following chain of inequalities:
(2.27)
0≤ h2−1= ∆r a
2 sin2θ
σ
 
σ+
p
∆θ (r 2+a 2)

≤ ∆r a
2 sin2θ
σ2
≤ a
2
r 2
≤ a
2
r 2e
=
6a 2l 2
1−a 2l 2−
p
(1−a 2l 2)2−12a 2l 2
≤ 1−a 2l 2 < 1

The boundedness of ∂r ∗h =
Ξ∆r
r 2+a 2 ∂rh and ∂θh shows that h ∈ B (D (H0)). Indeed, [H0,h ] is
defined on D (H0) and:
[H0,h ]u =−i Γ 1∂r ∗hu − i
p
∆θ∆r
Ξ(r 2+a 2)
Γ
2∂θhu , u ∈D (H0).
Consequently, for any u ∈D (H0):
(2.28) ||H0hu || ≤ ||hH0u ||+ ||[H0 ,h ]u || ≤C (||H0u ||+ ||u ||),
for some constant C ∈R∗+.
The following relationship between H0 andH
p is therefore meaningful:
H p = hH0h +VC +VS ,(2.29)
with:
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VS =−
ap
p
∆θ
σ
+
a∆θ (r
2+a 2)p
σ2
−a ∆rp
σ2
+
ap (h2−1)
r 2e +a 2
(2.30)
+ i
 
ia∆θ
p
∆r
2σ3Ξ

2r∆r −
∆
′
r
2
(r 2 +a 2)

⊠ Γ
2

− i

i∆r
p
∆θa cosθ
2ρ2σΞ
− ia∆r
p
∆θ (r
2+a 2)cosθ
2σ3

⊠ Γ
1

,
VC =
p
∆r∆θ
σsinθ

ρ2
σ
−
p
∆θ
Ξ

Γ
3p +
p
∆r∆θ
Ξσ
ρmΓ 0 − i

ia
p
∆r sinθ r∆θ
2ρ2σΞ

⊠ Γ
2

.(2.31)
In the above, we have sorted the terms according to their asymptotic behaviour at −∞, since
at +∞ all the potentials are short-range. More precisely, the terms in VS are short-range at
−∞ and those of VC are of Coulomb-type there. (2.26) means that h [H0,h ] is short-range at
both infinities.
Using (2.29), one shows that:
Lemma 2.6. H p is self-adjoint on D (H0), for any p ∈Z+ 12 .
Proof. It follows from (2.29) that:
H p =H0 + (h
2−1)H0+h [H0,h ]+VC +VS ,
since [H0,h ] is bounded, H
p is H0-bounded and using the fact that 0 < h
2 − 1 < 1, the result
follows from the Kato-Rellich Perturbation Theorem. 
2.7. Further properties ofH0. Let us pursue the study of the simplified operator H0; we aim
to describe its domain as well as to generalise a useful criterion for proving compactness of
functions ofH0.
Lemma 2.7. As quadratic forms onS , H 2 andQ =D 2r ∗ + g 2(r ∗)D2 are equivalent.
Proof. OnS , the following equation makes sense:
H 20 =D
2
r ∗ + g (r
∗)2D2+ f (r ∗)2+
Γ
1
i
g ′(r ∗)D+2g (r ∗)D f (r ∗) + { f (r ∗),Γ 1Dr ∗}8.
8 {A,B} denotes the anti-commutator AB +BA of two operators A and B , defined, if necessary, as a quadratic
form.
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Furthermore: ∀u ∈S :
(2.32)
|({ f (r ∗),Γ 1Dr ∗}u ,u )| ≤ |(Γ 1Dr ∗u , f (r ∗)u )|+ |( f (r ∗)u ,Γ 1Dr ∗u )|,
≤ 2||Γ 1Dr ∗u |||| f (r ∗)u ||,
≤ 2|| f ||∞||Γ 1Dr ∗u ||||u ||,
≤ 1
2
||Γ 1Dr ∗u ||2 +2|| f ||2∞||u ||2.
It follows that:
1
2
D 2r ∗ +2|| f ||2∞ ≥ { f (r ∗),Γ 1Dr ∗} ≥ −
1
2
D 2r ∗ −2|| f ||2∞.
Exploiting the fact that |g ′(r ∗)| ≤C |g (r ∗)| for some C > 0, one has:
(2.33)
|(Γ
1
i
g ′(r ∗)Du ,u )| ≤ ||g ′(r ∗)Du ||||u ||
≤ 1
4C 2
||g ′(r ∗)Du ||2 +C 2||u ||2
≤ 1
4
||g (r ∗)Du ||2 +C 2||u ||2 .
We thus conclude that:
1
4
g 2(r ∗)D2+C 2 ≥ Γ
1
i
g ′(r ∗)D≥−1
4
g (r ∗)2D2−C 2.
In (2.33), we have used the fact that:
g ′2(r ∗)D2 ≤C 2g 2(r ∗)D2.
This follows from the functional calculus, since, ifZ is an even function in the second variable:
(Z (r ∗,D)u ,u ) =
∑
k ,n
∫
Z (r ∗,λk ,n )||uk ,n ||2C4dr ∗, u =
∑
k ,n
b −1k ,nuk ,n ,uk ,n ∈ [L2(R)]4,
and so inequalities valid for Z pass to the operators, here: Z (x , y ) = g ′(x )2y 2 which clearly
satisfies: Z (x , y )≤C 2g (x )2y 2.
Finally:
|(2g (r ∗)D f (r ∗)u ,u )|= 2|(g (r ∗)Du , f (r ∗)u )| ≤ 2|| f ||∞||g (r ∗)Du ||||u ||,
≤ 1
4
||g (r ∗)Du ||2 +4|| f ||2∞||u ||2.
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Thus:
1
4
g (r ∗)2D2+4|| f ||2∞ ≥ 2g (r ∗) f (r ∗)D≥−
1
4
g (r ∗)2D2−4|| f ||2∞,
and therefore:
H 20 ≥
1
2
(D 2r ∗ + g (r
∗)2D2)−C ′,
where C ′ = 7|| f ||2∞ +C 2 > 0.
Overall :
1
2
Q −C ′ ≤H 20 ≤ 2Q +C ′
Which concludes the proof.

Lemma 2.7 has the following important consequences:
Corollary 2.2. D (H0)⊂H 1loc continuously andwe have the following criterion for compactness9:
If f ,χ ∈C∞ then f (r ∗)χ (H0) is compact.
Corollary 2.3. Γ 1Dr ∗ and g (r
∗)D are elements of B (D (H0),H ).
The relationship between the operatorsQ andH 20 goes even further. Using similar arguments
to those in [28], one can show that:
(2.34) D (H 20 ) =D (Q )
3. MOURRE THEORY
3.1. Brief overview. Mourre theory is a very powerful tool for constructing analytical scatter-
ing theories. It has been used in many different situations including the quantumN -particle
problem [11] and for scatteringof classical fields -with orwithout spin- in a rangeof black-hole
type geometries [7, 19, 28]. The theory has been refined since E. Mourre’s original article [26]
following, in particular, the theoretical developments in [2]. There, it is discussed that one
can substitute a certain regularity condition for some of the technical conditions in Mourre’s
original work. We present here a non-optimal “working” version of the theory.
Definition 3.1. A pair (A,H ) of self-adjoint operators on aHilbert spaceH will be said to satisfy
a Mourre estimate (with compact error) on some energy interval I ⊂ R if there is a compact
operator K and a strictly positive constant µ such that:
1I (H )i [H ,A]1I (H )≥µ1I (H ) +K .
9The criterion is a consequence of the Rellich-Kondrachov theorem. See for example [13].
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This will be written more briefly:
(3.1) 1I (H )i [H ,A]1I (H )¦µ1I (H )
Definition 3.2. Let A,H be two self-adjoint operators on a Hilbert spaceH .
H ∈C 1(A) if for any u ∈H the map s 7→ e i s A(H − z )−1e −i s Au is of class C 1 for a (and therefore
all) z ∈ρ(H ).
Inotherwords,Definition3.2,means that, in a certain sense, the resolventofH evolves smoothly
under the action of A10. An interesting technical consequence of this regularity is that (in the
form sense) the following equationmakes sense onH .
[A, (H − z )−1] = (H − z )−1[H ,A](H − z )−1
We refer to [2] for more details.
The heart of Mourre theory is contained in the following theorem; the statement here differs
from that in Mourre’s original article [26]; here we follow [8,28].
Theorem 3.1 (Mourre). Suppose that (A,H ) satisfy a Mourre estimate on I ⊂R and that:
• H ∈C 1(A),
• i [H ,A]definedasaquadratic formonD (H )∩D (A) extends toan element of B (D (H ),H ),
• [A, [A,H ]] defined as a quadratic form on D (H )∩D (A) extends to a bounded operator
from D (H ) to D (H )∗.
Then, H has no singular continuous spectrum in I , andH has atmost a finite number of eigen-
values, counted with multiplicity, in I .
When apair (A,H ) satisfy the conditions of Theorem3.1, Awill said to be a conjugateoperator
forH on I .
The conditionH ∈C 1(A) is quite difficult to check directly, despite the following characterisa-
tion:
Theorem 3.2 (Theorem 6.2.10 in [2]). H ∈C 1(A) if and only if the following two conditions are
satisfied:
• there is c ∈R+ such that for all u ∈D (A)∩D (H ):
(3.2) |(Au ,Hu )− (Hu ,Au )| ≤ c (||Hu ||2 + ||u ||2),
• for some z ∈ρ(H ) the set {u ∈D (A), (H − z )−1u ∈D (A) and (H − z¯ )−1u ∈D (A)} is a core
for A.
10This interpretationfits nicely into theHeisenbergpicture, whereoperators evolve insteadof thewave function
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Toovercome this, there is a useful scheme, basedonNelson’s commutator theorem (Theorems
X.36, X.37 in [30]), that greatly simplifies the proof thatH ∈C 1(A) inmany cases. We first recall
Nelson’s theorem:
Theorem 3.3 (Nelson). Let N be a self-adjoint operator with N ≥ 1. Let A be a symmetric oper-
ator with domain D that is also a core for N . Suppose that:
• For some c and allψ ∈D ,
(3.3) ||Aψ|| ≤ c ||Nψ||.
• For some d and allψ ∈D:
(3.4) |(Aψ,Nψ)− (Nψ,Aψ)| ≤ d ||N 12ψ||2.
Then A is essentially self-adjoint on D and its closure is essentially self-adjoint on any
other core for N
Remark 3.1. Note that it follows that D (N )⊂D (A¯) and A is essentially self-adjoint on D (N ).
The scheme is to find a third operator N - that we will refer to as the comparison operator -
whose domain is a core for both H and A; which we establish using Nelson’s lemma. We then
seek to apply the following:
Theorem 3.4 (Lemma 3.2.2 in [16]). Let (H ,H0,N ) be a triplet of self-adjoint operators onH ,
with N ≥ 1, A a symmetric operator on D (N ). Assume that:
(1) D (H ) =D (H0)⊃D (N ),
(2) D (N ) is stable under the action of (H − z )−1,
(3) H0 and A satisfy (3.3) and(3.4),
(4) for some c > 0 and any u ∈D (N ), (3.2) is satisfied.
Then:
• D (N ) is dense in D (A)∩D (H )with norm ||Hu ||+ ||Au ||+ ||u ||,
• the quadratic form i [H ,A] defined on D (A)∩D (H ) is the unique extension of i [H ,A] on
D (N ),
• H ∈C 1(A).
3.2. Conjugateoperators. Wewill now proceed to seek conjugate operators forH0 and a class
of perturbations ofH0 that will includeH
p ,p ∈Z + 12 . Mourre theory is very flexible in that the
notion of conjugate operator is local in energy but also, using cut-off functions, in space-time;
this is well-illustrated in [7,28]. As a consequence, determining a candidate for the conjugate
operator of a givenoperatorH canbe a very creative process, although inmanyexamples from
physics, the generator of dilatations, or minor variations thereof, is usually a good candidate.
We will see that, despite the extreme blackhole geometry, our case is no exception. As in [7],
SCATTERING THEORY FOR DIRAC FIELDS NEAR AN EXTREME KERR-DE SITTER BLACK HOLE 30
the full conjugate operator will be a combination of two operators A+ and A− tailored to deal
with the distinct natures of the geometry at the two asymptotic ends.
Throughout the sequel we separate the two infinities using smooth cut-off functions, j+, j−, j1
satisfying:
(3.5)

j−(t ) = 1 if t ≤−2, j−(t ) = 0 if t ≥− 32 ,
j+(t ) = 1 if t ≥− 12 , j+(t ) = 0 if t ≤−1,
j1(t ) = 1 if t ≥−1, j1(t ) = 0 if t ≤− 32 .
j+ and j1 should be chosen such that their supports are disjoint.
3.2.1. Near the double horizon. Let us start by motivating the coordinate transformation we
performed in Section 2.3. At the double horizon (r ∗→−∞), the function g appearing in the
expression forH0 decays as O
 
1
−r ∗

. This is significantly slower than the exponential decay at
a simple horizon, and is similar to the behaviour at space-like infinity in an asymptotically flat
spacetime. In fact, when r ∗→−∞ the principal symbol ofH0 formally ressembles:
Γ
1Dr ∗ −
C
r ∗
D,
which is themassless Dirac operator (for the spinor density) for the asymptotically flat metric
on R∗−×S2:
η= d t 2 −d r ∗2−

r ∗
C
2 1
∆θ
dσ2.
This suggests that we should try to treat the double horizon in a similar manner to spacelike
infinity, and in particular, that A = 12{Dr ∗ , r ∗} should be a reasonable candidate for a conjugate
operator there. However, hadwe used the original Boyer-Lindquist like coordinates (t , r,θ ,ϕ),
near r ∗→−∞, we would have been lead to set:
H˜0 = Γ
1Dr ∗ + g (r
∗)D+ f˜ (r ∗),
where f˜ ∈ S 0,0 and lim
r ∗→−∞ f˜ (r
∗) = c0 =
a
r 2e +a 2
.
Thepresence of the constant potential c0 is usually treated by appending Γ1c0r
∗ to A. However,
in doing so, we are immediately confronted to similar issues to those encountered in the case
of the usual horizon. In this situation, since r ∗e k+r
∗
does not decay faster than e k+r
∗
, and thus
in some sense we cannot control ||r ∗e k+r ∗D|| with ||e k+r ∗D||: further modifications of A are
necessary. The solution used in [7, 28] exploits the morphism properties of exp and the fact
that r ∗e k+r
∗
= o
r ∗→−∞(1) nevertheless. Here though, even if we can imagine trying to exploit
the morphism properties of t 7→ 1t , we cannot imitate the ruse because r ∗g (r ∗) = Or ∗→−∞(1)
and does not decay at all. The coordinate change performed in Section 2.3 circumvents the
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problem entirely by shifting the potential to the simple horizon, where we know how to treat
it.
In the sequel we set:
(3.6) A−(S ) =
1
2
{R−(r ∗),Dr ∗},
where,
(3.7) R−(r
∗) = j 2−(
r ∗
S
)r ∗,
and S ≥ 1 is a real parameter.
3.2.2. At the simple horizon. NearHr+ , we will follow the treatment in [7] and set:
(3.8) A+(S ) =R+(r
∗,D)Γ 1,
where:
R+(r
∗,D) = (r ∗−κ−1 ln |D|) j 2
+

r ∗−κ−1 ln |D|
S

.(3.9)
Since |D| ≥ 1, the same arguments in the proof of Lemma IV.4.4 in [7] can be used to show
that:
Lemma 3.1. For any S ≥ 1, uniformly in λk , k ∈N∗:
|R+(r ∗,λk )| ≤C 〈r ∗〉.(3.10)
In the above, C is a positive constant and R+(r
∗,λk ) denotes the restriction of R+(r ∗,D) toHk ,n .
The conjugate operator AI will vary depending on the energy interval I , in fact we will show
that there is SI ∈ [1,+∞) such that on I either:
(3.11)
A+(SI ) +A−(SI ) if I ⊂ (0,+∞),
A+(SI )−A−(SI ) if I ⊂ (−∞, 0),
is a conjugate operator on I .
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3.3. The technical conditions. Despite being the key assumption in Mourre theory, the esti-
mate (3.1) alone is not sufficient for the conclusion of Theorem 3.1. In this section, following
the scheme outlined at the end of Section 3.1, we will check that the technical assumptions of
Theorem 3.1 are satisfied forH0 and anyH of the following form:
(3.12) H = hH0h +V ,
where:
• V is amatrix-valued potential of at least Coulomb-type at both infinites and V ′ ∈ S 1,2,
• h ∈C∞
b
(Rr ∗×]0,π[) such that h > 0, |h2−1|< 1, ∂r ∗h ,∂θh ∈ S 1,2and h2−1∈ S 1,2.
Any such operator is self-adjoint onH with domain D (H0) by the Kato-Rellich theorem. The
following property of these operators will be useful in this section:
Lemma 3.2.
D (H 2) =D (H 20 ).
For a proof we refer to [28](Lemma 4.6).
3.3.1. The comparison operator N . Before identifying the comparison operator N , we begin
with an important stability lemma:
Lemma 3.3. For any n ∈ N∗, z ∈ ρ(H0), the domain of 〈r ∗〉n is stable under the resolvent (H0 −
z )−1 and χ (H0) for any χ ∈C∞0 (R). The statement remains true if H0 is replaced with H .
The proof is identical to that of Proposition IV.3.2 in [7] and will not be repeated here. This
lemma is very important for scattering purposes since it is an indication of how decay rates
behave under the action ofH , but it also serves to justify the use of the following comparison
operator11:
(3.13) N =D 2r ∗ + g (r
∗)2D2+ 〈r ∗〉2 =Q + 〈r ∗〉2.
DecomposingH as in Section 2.6, Lemma 2.4 and equation (2.34) imply that:
(3.14) D (N ) =D (Q )∩D (〈r ∗〉2) =D (H 20 )∩D (〈r ∗〉2).
Finally (3.14) and Lemmata 3.3 and 3.2, together lead to:
(3.15)
∀z ∈ρ(H0), (H0 − z )−1D (N )⊂D (N ),
∀z ∈ρ(H ), (H − z )−1D (N )⊂D (N ).
Thus, the first two conditions of Theorem 3.4 are satisfied by the triplet (H ,H0,N ).
11That has an almost uncanny ressemblance to the harmonic oscillator...
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3.3.2. Nelson’s lemma. We will now check that H0 and A±(S ) satisfy the hypotheses of Theo-
rem 3.3. To simplify notations, we will omit to specify the dependence on the parameter S of
the operator A± in this paragraph, as all the results discussed here hold for any S ≥ 1.
As a first step, we deduce immediately the following useful estimates from (3.13):
Lemma 3.4. For any u ∈D (N ) :
(3.16)
||Γ 1Dr ∗u || ≤ ||N
1
2 u ||, ||g (r ∗)Du || ≤ ||N 12 u ||,
||r ∗u || ≤ ||N 12 u ||, ||u || ≤ ||N 12 u ||.
Lemma 3.5. With N as comparison operator, H0 satisfies (3.3)and (3.4).
Proof. Fix u ∈D (N ), from Lemma 3.4, we have:
(3.17)
||H0u || ≤ ||Γ 1Dr ∗u ||+ ||g (r ∗)Du ||+ || f (r ∗)u ||,
≤ (2+ || f ||∞)||N
1
2 u ||,
≤ (2+ || f ||∞)||Nu ||,
this proves (3.3).
Moreover,
(3.18)
|([N ,H0]u ,u )| ≤ 2|(Γ 1r ∗u ,u )|+2|(Γ 1g ′(r ∗)g (r ∗)D2u ,u )|+2|| f ′||∞||Dr ∗u ||||u ||
+2||Dr ∗u ||||g ′(r ∗)Du ||
≤ 2
 
||r ∗u ||||u ||+C ||g (r ∗)Du ||2 + || f ′||∞||Dr ∗u ||||u ||
+C ||Dr ∗u ||||g (r ∗)Du ||

≤ 2(1+ || f ′||∞ +2C )||N
1
2 u ||2.
In (3.18), we have used the fact that there is C ∈ R∗
+
such that: |g ′(r ∗)| ≤ C |g (r ∗)| and the
functional calculus as in the proof of Lemma 2.7. 
Inorder toestablish analogousestimates forA− , wewill alsoneed the followingestimates:
Lemma 3.6. For any u ∈D (N ),
(3.19)
||r ∗2u ||2 ≤ ||N u ||2 + ||u ||2
||Qu ||2 ≤ ||N u ||2 + ||u ||2
Proof. As usual, we will prove it for u ∈S . One has:
(3.20)
||N u ||2 = (N 2u ,u )
= ||Qu ||2 + ||r ∗2u ||2 + ||u ||2 + (Qu , r ∗2u ) + (r ∗2u ,Qu ) +2(Qu ,u ) +2||r ∗u ||2.
Since, for any v ∈D (Q ), (Qv,v ) = ||Γ 1D 2r ∗v ||2+ ||g (r ∗)Dv ||2 ≥ 0, it follows that:
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||Nu ||2 ≥ ||Qu ||2 + ||r ∗2u ||2 + ||u ||2 + (Qu , r ∗2u ) + (r ∗2u ,Qu ).(3.21)
Now,
(3.22) (Qu , r ∗2u ) = (r ∗Qu , r ∗u ) = (Qr ∗u , r ∗u ) + (2iDr ∗u , r
∗u ),
and so, adding the hermitian conjugate (r ∗2u ,Qu ), one obtains:
(3.23)
(Qu , r ∗2u ) + (r ∗2u ,Qu ) = 2(Qr ∗u , r ∗u ) + (2i r ∗Dr ∗u ,u )− (2iDr ∗ r ∗u ,u )
= 2(Qr ∗u , r ∗u )−2||u ||2 ≥−2||u ||2 .
Hence,
||Nu ||2 ≥ ||Qu ||2 + ||r ∗2u ||2 − ||u ||2.(3.24)

Lemma 3.7. There is a constant d > 0 such that for any u ∈D (Q ) =D (H 20 ),
(3.25) ||D 2r ∗u ||2 ≤ d (||Qu ||2 + ||u ||2).
Proof. As quadratic forms onS :
(3.26)
Q 2 =D 4r ∗ + (g
2(r ∗)D2)2+D 2r ∗g
2(r ∗)D2+ g 2(r ∗)D2D 2r ∗
=D 4r ∗ + (g
2(r ∗)D2)2+2Dg (r ∗)D 2r ∗g (r
∗)D+ [D 2r ∗ ,g (r
∗)]g (r ∗)D2− g (r ∗)D2[D 2r ∗ ,g (r ∗)]
≥D 4r ∗ + (g 2(r ∗)D2)2+ [[D 2r ∗ ,g ],g ]D2
=D 4r ∗ + (g
2(r ∗)D2)2− i [{Dr ∗ ,g ′},g (r ∗)]D2
=D 4r ∗ + (g
2(r ∗)D2)2−2(g ′(r ∗))2D2
≥D 4r ∗ + (g 2(r ∗)D2)2−2C 2g (r ∗)2D2
≥D 4r ∗ +
1
2
(g 2(r ∗)D2)2−2C 4
≥D 4r ∗ −2C 4
where we have used the fact that |g ′(r ∗)| ≤C |g (r ∗)|. 
Combining Lemmata 3.6 and 3.7 yields:
Corollary 3.1. r ∗2,D 2r ∗ ∈ B (D (N ),H ).
We are now ready to prove:
Lemma 3.8. A− satisfies (3.3) and (3.4).
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Proof. Until now we have not discussed the domain of A− and will simply consider it as being
defined for u ∈S , which is a core for N . Then, the following estimates hold:
(3.27)
||A−u ||2 = (R−(r ∗)Dr ∗u ,R−(r ∗)Dr ∗u ) +
1
4
||R ′−(r ∗)u ||2
− 1
2
 
(R−(r
∗)Dr ∗u , iR
′
−(r
∗)u ) + (iR ′−(r
∗)u ,R−(r
∗)Dr ∗u )

,
≤ (R−(r ∗)Dr ∗u ,R−(r ∗)Dr ∗u ) + ||R ′−(r ∗)R−(r ∗)u ||||Dr ∗u ||+
1
4
||R ′−(r ∗)u ||2.
Since R ′−(r
∗) is a bounded operator, using Lemma 3.4 one can see that:
||R ′−(r ∗)R−(r ∗)u ||||Dr ∗u ||+
1
4
||R ′−(r ∗)u ||2 ≤ ||R ′−||∞||N
1
2 u ||2 + 1
4
||R ′−||2∞||u ||2(3.28)
≤ ||R ′−||∞(1+ ||R ′−||∞)||Nu ||2.
Moreover, by Lemmata 3.6 and 3.7:
|(R−(r ∗)Dr ∗u ,R−(r ∗)Dr ∗u )|= |(R 2−(r ∗)u ,D 2r ∗u ) +2(iR ′−(r ∗)R−(r ∗)u ,Dr ∗u )|(3.29)
≤
p
6d ||N u ||2 +2||R ′−||∞||Nu ||2.
Combining the above gives (3.3). To prove (3.4) we start with the following estimates:
(3.30)
|([N ,A−]u ,u )|= |(−
i
2
(R (3)− (r
∗)u ,u )− i ({D 2r ∗ ,R ′−(r ∗)}u ,u ) +2i (r ∗
2 j 2−(
r ∗
S
)u ,u )
+ (2i g ′(r ∗)g (r ∗)R−(r
∗)D2u ,u )|,
= | − i ({Dr ∗ ,R ′−(r ∗)Dr ∗}u ,u )−
1
2
({Dr ∗ ,R ′′− (r ∗)}u ,u )
+2i (r ∗2 j 2−(
r ∗
S
)u ,u ) + (2i g ′(r ∗)g (r ∗)R−(r
∗)D2u ,u )|,
≤ 2||Dr ∗u ||

||R ′||∞||Dr ∗u ||+
1
2
||R ′′||∞||u ||

+2|| j−(
r ∗
S
)r ∗u ||2
+2||g (r ∗)Du ||||g ′(r ∗)R−(r ∗)Du ||.
The only term that may pose problem is:
(3.31) ||R−(r ∗)g ′(r ∗)Du ||.
However,
(3.32) R−(r
∗)g ′(r ∗) = g (r ∗) j 2−(r
∗)r ∗
 
∆
′
r
2
Ξ(r 2+a 2)
− 2r∆r
Ξ(r 2 +a 2)2
!
,
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and the term between brackets is O
r ∗→−∞
( 1r ∗ ) because when r
∗ → −∞, r approaches re , the
double root of∆r , hence, both∆r and∆
′
r are at least Or→x
(r − re ) and r − re = O
r ∗→−∞
( 1r ∗ )
12.
Therefore, there is C ∈R∗, |R−(r ∗)g ′(r ∗)| ≤C |g (r ∗)| and thus, by the functional calculus:
(3.33) ||R−(r ∗)g ′(r ∗)Du || ≤C ||g (r ∗)Du ||.
Overall,
|([N ,A−]u ,u )| ≤
 
||R ′′− ||∞ +2
 
||R ′−||∞ +C +1

||N 12 u ||2(3.34)

According to the above result, we can conclude that A− is essentially self-adjoint on D (N );
the analogous result for A+ is proved in [7](Lemma IV.4.5), the arguments are identical. The-
orem 3.3 also applies to A = A+ ± A−. In all cases, we will consider the operators and their
domains as being defined by the conclusion of Theorem 3.3.
3.3.3. H0,H ∈C 1(A). In order to prove thatH ,H0 ∈C 1(A), we require onemore estimate, that
will be the object of this section. According to Theorem 3.4 it is sufficient to prove that for
some c > 0 and any u ∈D (N ) one has the estimate:
(3.35) |(Hu ,A±u )− (A±u ,Hu )| ≤ c (||Hu ||2 + ||u ||2).
As before, we will focus our attention on A− and refer to [7](Lemma IV.4.7) for A+. In order
to apply Mourre theory, we will additionally need to show that i [H ,A] extends to a bounded
operator from D (H ) = D (H0)
13 to H . Both of these are covered by the following estimates,
established, first, on the common core S ; we begin with H0. Let u ∈S , then:
(3.36)
||i [H0 ,A−]u ||= ||Γ 1R ′−(r ∗)Dr ∗u −
i
2
Γ
1R
′′
−(r
∗)u −R−(r ∗)g ′(r ∗)Du −R−(r ∗) f ′(r ∗)u ||,
≤ ||R ′−||∞||Dr ∗u ||+
1
2
||R ′′− ||∞||u ||+ ||R−(r ∗)g ′(r ∗)Du ||+ ||R− f ′||∞||u ||.
Using (3.33) and Corollary 2.3, we thus conclude that for some c > 0 and any u ∈ S :
(3.37) ||i [H0 ,A−]u || ≤ c (||H0u ||+ ||u ||).
12Note that in (3.32)∆′
r
=
∂∆r
∂ r
13This equality is to be understood to imply that the graph norms are equivalent.
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Hence, i [H0,A−] extends uniquely to an element of B (D (H0),H ) and (3.35) holds. In order to
establish the analogous result forH , we write:
(3.38) [H ,A−] = h [H0,A−]h + i (hH0R−(r
∗)h ′+R−(r
∗)h ′H0h ) + iR−(r
∗)V ′.
Since h ,R ′−(r
∗) ∈ B (D (H0)), h [H0,A−]h and R ′−(r ∗)h ′H0h extend to elements of B (D (H0),H ).
For similar reasons to h , R−(r ∗)h ′ ∈ B (D (H0)) also, and, using (2.11), R−(r ∗)V ′ ∈ B (H ). It fol-
lows then that [H0,A−] extends to a bounded operator D (H0)→H .
Assembling all the results above, we have thus shown thatH0,H ∈C 1(A) and that the first two
assumptions of Theorem 3.1 are satisfied. It remains to verify the final assumption regarding
the double commutator.
3.3.4. The double commutator assumption. Theorem 3.1 only requires that the double com-
mutator extends to a bounded operator from D (H ) to D (H )∗, this section will be devoted to
showing a slightly stronger result:
Lemma 3.9. [A, [A,H0]] and [A, [A,H ]] extend to elements of B (D (H ),H ).
Beginning with H0, it is sufficient to prove this for the four double commutators [A±, [A±,H0]]
separately; we will mainly concentrate on A−, but it will also be informative to consider the
mixed terms [A±, [A∓,H0]].
(a) [[H0,A−],A−]. A short calculation shows that:
(3.39) (−i )[i [H0 ,A−],A−] = (−i )

−1
2
Γ
1R ′−(r
∗)R ′′− (r
∗)− i (R ′−(r ∗))2Γ 1Dr ∗ + iR−(r ∗)R ′′− (r ∗)Γ 1Dr ∗
− i
2
Γ
1R−(r
∗)R ′′′(r ∗)− iR−(r ∗)

(R−(r
∗)g ′(r ∗))′D+ (R−(r
∗) f ′(r ∗))′

.
Many of the terms are in (3.39) extend clearly to elements of B (D (H ),H ), either because they
are bounded on H or using Corollary 2.3. The term that merits comment is underlined; it
expands as follows:
(3.40) R−(r
∗)g ′′(r ∗)D+R ′−(r
∗)g ′(r ∗)D.
We have already shown how to deal with the second term, and the first is treated very similarly
as it is easily seen that |g ′′(r ∗)| ≤C |g (r ∗)| for some C ∈R∗
+
.
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(b) [i [H0,A−],A+]. Thisdouble commutator, as aquadratic formonS , canbecomputedas:
(−i )[i [H0 ,A−],A+] = (−i )
 
[Γ 1R ′−(r
∗)Dr ∗ ,A+]−2R−(r ∗)g ′(r ∗)R+(r ∗,D)Γ 1D

.
The first term vanishes, since on S it can be evaluated as:
[Γ 1R ′−(r
∗)Dr ∗ ,A+] =−R ′−(r ∗)R ′+(r ∗,D),
and j+ and j− have disjoint support (cf. (3.5)).
The second term, which, on first glance, is problematic since it is difficult to control, will
equally vanishentirelydue toour choice cut-off functions j+ , j−, j1. To see this, recall that:
R+(r
∗,D) = (r ∗−κ−1 ln |D|) j 2
+

r ∗−κ−1 ln |D|
S

.
Hence, since j1 satisfies j1(t ) = 1, t ≥−1, then:
(3.41) R+(r
∗,D) = j 21 (r
∗)R+(r
∗,D).
It follows that:
2R−(r
∗)g ′(r ∗)R+(r
∗,D)Γ 1D= 2R−(r
∗) j 21 (r
∗)g ′(r ∗)R+(r
∗,D)Γ 1D,
but, j− and j1 are chosen such that supp j− ∩ supp j1 = ;, therefore this term vanishes.
(c) [i [H0,A+],A−]. Here, we start from
14:
i [H0,A+] =R
′
+
(r ∗,D) +2i g (r ∗)DR+(r
∗,D)Γ 1,
this leads to:
[i [H0,A+],A−] = (−i )

iR
′′
+(r
∗,D)R−(r
∗)−2
 
g (r ∗)R+(r
∗,D)
′
R−(r
∗)DΓ 1

.
Since (3.41) is equally true if R+(r
∗,D) is replaced by its first or second derivative with respect
to r ∗, one can argue as before andfind that this double commutator vanishes entirely. We refer
to [7] for the appropriate treatment of [[H0,A+],A+].
This concludes the proof that (H0,A) satisfies the first hypotheses of Mourre theory. To show
that this is equally true of (H ,A), we proceed as before using (2.29). For example:
14In this equation R ′(r ∗,D) denotes the operator obtained after differentiating with respect to r ∗
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[[H ,A−],A−] = h [[H0,A−],A−]h +2ih [H0,A−]R−(r
∗)h ′
+2iR−(r
∗)h ′[H0,A−]h −2h ′R−(r ∗)H0R−(r ∗)h ′
−hH0R (r ∗)(R−(r ∗)h ′)′−R−(r ∗)(R−(r ∗)h ′)′H0h −R−(r ∗)(R−(r ∗)V ′)′.
This extends to an element of B (D (H ),H ), thanks to the decay of h ′,V ′, etc. Similar compu-
tations show that this is equally true of the other double commutators. The reader may be
concerned that a long-range potentiel may jeopardise our efforts in the mixed commutators,
causing unbounded terms to appear. However, this is not the case since either commutation
with A− introduces the necessary decay through differentiation or terms vanish entirely due
to the choice that j1 and j− have disjoint supports. For the first point, more precisely, if, for
instance, f ∈S (R), then :
[ f (r ∗),A−] = iR−(r
∗) f ′(r ∗).
In all cases encountered, f , when expressed as a function of r , has bounded derivative and
therefore, at least, [ f (r ∗),A−] =O (
1
r ∗ ).
3.4. Mourre estimates forH0. Having shown that the technical assumptions for Mourre the-
ory are satisfied we nowmove on to deriveMourre inequalities. As usual,Hre andHr+ will be
treated separately.
3.4.1. Near the double horizon. We begin with:
Lemma 3.10. Let χ ∈C∞0 (R) then for any S ≥ 1;
(3.42) χ (H0)i [H0,A−(S )]χ (H0)∼
k
χ (H0) j−(
r ∗
S
)H0 j−(
r ∗
S
)χ (H0),
where ∼
k
is used to denote equality up to a compact error.
Proof. Recall from the previous section that:
(3.43)
i [H0,A−(S )] = Γ
1R ′−(r
∗)Dr ∗ −
i
2
Γ
1R
′′
−(r
∗)−R−(r ∗)g ′(r ∗)D−R−(r ∗) f ′(r ∗)
= j−(
r ∗
S
)Γ 1Dr ∗ j−(
r ∗
S
) +2r ∗ j−(
r ∗
S
) j ′−(
r ∗
S
)Γ 1Dr ∗
− i
S
j ′−(
r ∗
S
) j−(
r ∗
S
)− i r
∗
S2
( j ′−(
r ∗
S
))2− i r
∗
S2
j
′′
−(
r ∗
S
) j−(
r ∗
S
)
−R−(r ∗)
 
g ′(r ∗)D+ f ′(r ∗)

.
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Note that if 0 ≤ χ ≤ 1 is a smooth function with compact support in R, since j ′ has compact
support, it follows fromCorollary 2.2 that the terms undelined abovewill only lead to compact
terms in χ (H0)i [H0,A−(S )]χ (H0), hence:
(3.44)
χ (H0)i [H0,A−(S )]χ (H0)∼
k
χ (H0)

j−(
r ∗
S
)Γ 1Dr ∗ j−(
r ∗
S
) +2r ∗ j−(
r ∗
S
) j ′−(
r ∗
S
)Γ 1Dr ∗
−R−(r ∗)
 
g ′(r ∗)D+ f ′(r ∗)

χ (H0).
Furthermore, using Corollary 2.3, one can show that 2r ∗ j−(
r ∗
S ) j
′
−(
r ∗
S )Γ
1Dr ∗χ (H0) is also com-
pact.
Indeed, let γ(r ∗) = 2r ∗ j−(
r ∗
S ) j
′
−(
r ∗
S ) and note that γ ∈C∞0 (R). For any u ∈H , one has:
(3.45) γ(r ∗)Γ 1Dr ∗χ (H0)u = Γ
1Dr ∗γ(r
∗)χ (H0)u + i Γ
1γ′(r ∗)χ (H0)u .
Corollary 2.3 implies that there is C1 > 0 such that: ||Γ 1Dr ∗u || ≤ C1(||H0u ||+ ||u ||) for any u ∈
D (H0). Hence:
||γ(r ∗)Γ 1Dr ∗χ (H0)u || ≤ ||Γ 1Dr ∗γ(r ∗)χ (H0)u ||+ ||γ′(r ∗)χ (H0)u ||,(3.46)
≤C1||H0γ(r ∗)χ (H0)u ||+C1||γ(r ∗)χ (H0)u ||+ ||γ′(r ∗)χ (H0)u ||,
≤C1||γ(r ∗)H0χ (H0)u ||+C1||γ(r ∗)χ (H0)u ||
+ (1+C1)||γ′(r ∗)χ (H0)u ||.
According to Corollary 2.2 the operators γ(r ∗)H0χ (H0), γ(r ∗)χ (H0) and γ′(r ∗)χ (H0) are all com-
pact and so it follows from a simple extraction argument that γ(r ∗)Γ 1Dr ∗χ (H0)must be too.
Thus:
χ (H0)i [H0,A−(S )]χ (H0)∼
k
χ (H0) j−(
r ∗
S
)Γ 1Dr ∗ j−(
r ∗
S
)−R−(r ∗)
 
g ′(r ∗)D+ f ′(r ∗)

χ (H0).(3.47)
Now, (3.47) can be rewritten:
χ (H0)i [H0,A−(S )]χ (H0)∼
k
χ (H0) j−(
r ∗
S
)H0 j−(
r ∗
S
)χ (H0)
−χ (H0) j 2−(
r ∗
S
)
 
g (r ∗) + r ∗g ′(r ∗)

Dχ (H0)
−χ (H0) j 2−(
r ∗
S
)
 
f (r ∗) + r ∗ f ′(r ∗)

χ (H0).
Since f (r ∗) + r ∗ f ′(r ∗)→ 0 when r ∗ →−∞, it follows from Corollary 2.2 that the terms in the
last line of the previous equation are compact. The compactness of those on the middle line
also follows from Corollary 2.2, because near the double horizon r∗→−∞ (r → re ) one has:
SCATTERING THEORY FOR DIRAC FIELDS NEAR AN EXTREME KERR-DE SITTER BLACK HOLE 41
r ∗g ′(r ∗) + g (r ∗) =

1+
r ∗
Ξ(r 2e +a 2)
∆
′
r
2
+O

1
r ∗

g (r ∗),
and
∆
′
r = 2l
2(r − re )(re − r−)(r+− re ) +O ((r − re )2),
=−2 (3M re −4a
2)(r − re )
r 2e
+O ((r − re )2).
Using (1.12) we obtain that:
∆
′
r =−2
(r 2e +a
2)Ξ
r ∗
+o (
1
r ∗
).
From which it follows:
(3.48) r ∗g ′(r ∗) + g (r ∗) = o (g (r ∗)).
Hence, there is a continuous function ǫ ∈C∞(R) such that:
|| j 2−(
r ∗
S
)(r ∗g ′(r ∗) + g (r ∗))Dχ (H0)||= ||g (r ∗)Dǫ(r ∗)χ (H0)||,
≤ ||H0ǫ(r ∗)χ (H0)||+ ||ǫ(r ∗)χ (H0)||.
Compactness then follows with a similar arguments as before. 
We are now ready to prove:
Proposition 3.1. Let χ be of a compact support contained in (0,+∞) and µ > 0 be such that
suppχ ⊂ [µ,+∞) then for any S ≥ 1:
(3.49) χ (H0)i [H0,A−(S )]χ (H0)¦µχ (H0) j
2
−(
r ∗
S
)χ (H0).
The result holds also if suppχ ⊂ (−∞, 0), if we replace A−(S ) by −A−(S ).
Proof. Using Lemma 3.10, it is sufficient to prove that:
χ (H0) j−(
r ∗
S
)H0 j−(
r ∗
S
)χ (H0)¦µχ (H0) j
2
−(
r ∗
S
)χ (H0).
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Our first step is to note that, although χ (H0) and j−(
r ∗
S ) do not commute, their commutator
is a compact operator. This can be seen using the Helffer-Sjöstrand formula (Proposition 7.2
in [20], see also appendix A), for one has:
(3.50)

χ (H0), j−(
r ∗
S
)

=
i
2π
∫
C
∂z¯ χ˜(z )[(H0− z )−1, j−(
r ∗
S
)]dz ∧dz¯ ,
=− i
2π
∫
∂z¯ χ˜(z )(H0− z )−1[H0, j−(
r ∗
S
)](H0 − z )−1dz ∧dz¯ .
The second equation makes sense since [H0, j−(
r ∗
S )] extends to a bounded operator on H .
Furthermore, the integral exists in the norm topology, so the compactness of the commuta-
tor follows from that of the integrand which, again, is a consequence of Corollary 2.2 since
[H0, j−(
r ∗
S )] =− iS Γ 1 j ′−( r
∗
S ).
Now:
(3.51)
χ (H0) j−(
r ∗
S
)H0 j−(
r ∗
S
)χ (H0) = j−(
r ∗
S
)χ (H0)H0χ (H0) j−(
r ∗
S
)
+ j−(
r ∗
S
)χ (H0)H0[ j−(
r ∗
S
),χ (H0)]+ [χ (H0), j−(
r ∗
S
)]H0 j−(
r ∗
S
)χ (H0).
Theunderlined terms formasymmetric compactoperator and, following thenotationsof [24]15,
for any u ∈H :
(3.52)
( j−(
r ∗
S
)χ (H0)H0χ (H0) j−(
r ∗
S
)u ,u ) = (χ (H0)H0χ (H0) j−(
r ∗
S
)u , j−(
r ∗
S
)u ),
=
∫
tχ2(t )(E(dt ) j−(
r ∗
S
)u , j−(
r ∗
S
)u ),
≥µ( j−(
r ∗
S
)χ (H0)
2 j−(
r ∗
S
)u ,u ).
In other words:
j−(
r ∗
S
)χ (H0)H0χ (H0) j−(
r ∗
S
)≥µ j−(
r ∗
S
)χ (H0)
2 j−(
r ∗
S
)¦µχ (H0) j
2
−(
r ∗
S
)χ (H0),(3.53)
where we have used once more the compactness of the commutator [χ (H0), j−(
r ∗
S )]. Similar
arguments prove the final point. 
15E is the operator-valued spectral measure
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3.4.2. At the simplehorizon. Thedecompositionof theHilbert space constructed inSection2.4
and the results discussed there concerning the properties of the eigenvalues, mean that the
proof of the Mourre estimate at the simple horizon in [7], applies to our case without any es-
sential modification. Hence we quote without proof:
Proposition 3.2 (Lemma IV.4.11 in [7]). Let λ0 ∈ R, then there are χ ∈ C∞0 (R) such that λ0 ∈
suppχ and µ ∈R∗
+
such that:
(3.54) χ (H0)i [H0,A+(S )]χ (H0)¦µχ (H0) j
2
1 (
r ∗
S
)χ (H0),
for large enough S ∈R∗
+
.
Remark3.2. It is interesting to remark thedifference in the formulationof propositions 3.1and3.2.
Only the latter truly restricts the size of the neighbourhood onwhichwe have aMourre estimate,
Proposition 3.1 on the other hand, simply forbids a Mourre estimate on a neighbourhood of 0.
Combining the two previous results leads to:
Proposition 3.3. Let λ0 ∈R∗:
• If λ0 > 0, then one can find an interval I ⊂ (0,+∞) containing λ0 and µ> 0 such that:
(3.55) 1I (H0)i [H0,A+(S ) +A−(S )]1I (H0)¦µ1I (H0),
for large enough S ∈R∗
+
.
• If λ0 < 0, then one can find an interval I ⊂ (−∞, 0) containing λ0 and µ> 0 such that:
(3.56) 1I (H0)i [H0,A+(S )−A−(S )]1I (H0)¦µ1I (H0),
for large enough S ∈R∗
+
.
3.5. Mourre estimate for H . Now that we have at our disposition a Mourre estimate for H0,
we can deduce from it Mourre estimates for any operator H satisfying (3.12), where we recall
that V ∈ S 1,1 and satisfies V ′ ∈ S 2,2. Their spectral theory is closely related to that of H0 as
illustrated by the following lemma.
Lemma 3.11. For any χ ∈ C∞0 (R), (H0 − i )−1 − (H − i )−1 and χ (H0) − χ (H ) are compact. In
particular, H0 and H have the same essential spectrum.(Weyl’s Theorem).
Proof. One has for any z ∈C \R:
(H0− z )−1− (H − z )−1 = (H − z )−1(H −H0)(H0− z )−1,
= (H − z )−1((h2−1)H0+ V˜ )(H0 − z )−1,
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for some function V˜ ∈C∞(R). Compactness of (H0−i )−1−(H −i )−1 follows from Corollary 2.2.
That of χ (H0)−χ (H ) follows from this and the Helffer-Sjöstrand formula16, which leads to:
(3.57) χ (H )−χ (H0) =
i
2π
∫
∂z¯ χ˜(z )
 
(H − z )−1− (H0− z )−1

dz ∧dz¯ .
The integral converges in norm so compactness of the integrand implies that of the integral.

We can immediately deduce from this that for any χ ∈C∞0 (R):
(3.58) χ (H )[iH ,A(S )]χ (H )∼
k
χ (H0)[iH ,A(S )]χ (H0).
Now,H =H0+(h
2−1)H0+h [H0,h ]+V ; let us consider: χ (H0)[(h2−1)H0+h [H0,h ]+V ,A±(S )]χ (H0),
we will in fact find that it is compact, so that:
(3.59) χ (H )[iH ,A]χ (H )∼
k
χ (H0)[iH0,A]χ (H0).
To simplify notations we drop the dependence on S of the operator A−. Consider first:
(3.60) [(h2−1)H0,A±] = (h2−1)[H0,A±]− [A±,h2−1]H0.
(h2 − 1) ∈ S 2,2 so, by Corollary 2.2, (h2 − 1)χ (H0) is compact. Therefore, so is: χ (H0)(h2 − 1) =
((h2−1)χ (H0))∗. Since [H0,A±] ∈ B (D (H0),H ), we conclude that χ (H0)(h2−1)[H0,A±]χ (H0) is
compact. Moreover, [A−,h2 − 1] = −iR−(r ∗)2hh ′ ∈ S∞,1 so [A−,h2− 1]χ (H0) is also compact.
Finally:
[A+,h
2−1] = Γ 1(R+(r ∗,D)(h2−1)− ((R+(r ∗,D)(h2−1))∗),
and:
R+(r
∗,D)(h2−1) =R+(r ∗,D)〈r ∗〉−1〈r ∗〉(h2−1).
〈r ∗〉(h2−1)χ (H0) is compact because (h2−1) ∈ S 2,2, andLemma3.1 implies thatR+(r ∗,D)〈r ∗〉−1
extends to a bounded operator on H . The compactness of χ (H0)[(h2 − 1)H0,A±]χ (H0) fol-
lows.
The term:
[V ,A+] = Γ
1[V R+(r
∗,D)−R+(r ∗,D)V ],
is treated very similarly: R+(r
∗,D)V = R (r ∗,D)〈r ∗〉−1 j 21 (r ∗)〈r ∗〉V and j 21 (r ∗)〈r ∗〉V ∈ S1,∞ so
R+(r
∗,D)V χ (H0) is compact.
A similar argument shows that χ (H0)h [H0,h ]χ (H0) is compact. Therefore, we have proved the
following:
16see appendix A
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Proposition 3.4. Let H be an operator defined by (3.12), then the conclusion of Proposition 3.3
is true with H in place of H0.
3.6. Propagation estimates and other consequences of theMourre estimate.
3.6.1. On the spectrum of H0 and H . The first important consequence of the estimate above
is that Theorem 3.1 applies to H and H0, on any interval disjoint from {0}. Hence, H and
H0 have no singular continuous spectrum and all eigenvalues, other than possibly 0, are of
finite multiplicity. In fact, H0 has no eigenvalue, as the following classical “Grönwall lemma”
argument shows.
Proof that H0 has no pure point spectrum. We only need to seek eigenvalues forH0 on each of
the subspacesHk ,n , which, we recall, can be identified with [L2(R)]4. Let λ ∈ R and suppose
that u ∈ [L2(R)]4 satisfies:
H k ,n0 u =

λ+
ap
r 2+ +a 2
− ap
x 2+a 2

u ,
thenu ∈ [H 1(R)]4 andu vanishesat infinity. This is also trueof the functionw : r ∗ 7→ e −i Γ 1λr ∗u (r ∗).
w additionally satisfies:
(3.61)
w ′(r ∗) = e −i Γ
1λr ∗ (−i Γ 1)(λu (r ∗)− Γ 1Dr ∗u (r ∗)),
= e −i Γ
1λr ∗ (−i Γ 1)

−λkg (r ∗)Γ 2+ f (r ∗)−

ap
r 2+ +a 2
− ap
r 2e +a 2

e i Γ
1λr ∗w (r ∗).
From this, we deduce:
||w (r ∗)|| ≤
∫ +∞
r ∗
−λkg (r ∗)Γ 2+ f (r ∗)− apr 2+ +a 2 − apr 2e +a 2
 ||w (r ∗)|| dr ∗.
Because
−λkg (r ∗)Γ 2+ f (r ∗)−  apr 2++a 2 − apr 2e +a 2  is integrable near +∞, it follows from the
integral form of Grönwall’s lemma that w = 0 and hence u = 0. 
Using the separability of the Dirac equation in Kerr-de Sitter, a modified version of this argu-
ment shows that the full Dirac operator has no eigenvalues, we refer to [3].
We summarize these conclusions in the following lemma:
Lemma 3.12. Let H be an operator defined by (3.12) then:
• H has no singular continuous spectrum,
• σess(H ) =R,
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• σpp(H )⊂ {0} and if 0 is an eigenvalue then it has infinite multiplicity.17
3.6.2. Minimal velocity estimate. Oneof themostpowerful consequencesof thehypothesesof
Mourre theory, largely discussed and optimised in [2], is that it leads to a (generalised) limiting
absorptionprinciple. In our case, thanks to Lemma3.9,H0,H ∈C 2(A) (see chapter 5 in [2]) and
we directly have access to an abstract propagation estimate due to Sigal-Soffer [32]:
Theorem 3.5. Let (H ,A) be a pair of self-adjoint operators on a Hilbert spaceH . Suppose that
A is a conjugate operator for H on I ⊂ R and that H ∈ C 1+ǫ(A), (ǫ ∈ R∗
+
). Let µ ∈ R∗
+
be such
that:
1I (H )i [H ,A]1I (H )≥µ1I (H ).
Then, for any b ,χ ∈C∞0 (R) such that suppχ ⊂ I and suppb ⊂ (−∞,µ) one has:
(3.62)
∀u ∈H ,
∫ +∞
1
b At

χ (H )e −iH t u
2 dtt ≤C ||u ||2 ,
s − lim
t→+∞
b

A
t

χ (H )e −iH t = 0.
The first remark we can make is that the theorem above requires a strict Mourre estimate,
i.e. without compact error. However, if we have a Mourre estimate with compact error on
an interval I , and if λ ∈ I and is not an eigenvalue of the operator H , then, since the error
is compact, one can shrink18 the size of I so that the estimate becomes strict with some ν ∈
(0,µ). Since in our case the only possible eigenvalue is 0, and our estimates avoid this point,
they can all be upgraded to strict estimates. The importance of Theorem 3.5 is more obvious
when the conjugate operator can be replaced by simpler operators that help to understand
the propagation of fields. In [8](Lemma IV.4.13), it is shown that in the case of the operators
under consideration here, A can be replaced with |r ∗|, and we obtain:
Proposition 3.5. Let χ ∈ C∞0 (R) such that suppχ ∩ {0} = ;, then for any H defined by Equa-
tion (3.12), there are ǫχ ,C ∈R∗+ such that for anyψ ∈H :
(3.63)
∫ ∞
1
1[0,ǫχ ] |r ∗|t

χ (H )e −i t Hψ
2 d tt ≤C ||ψ||2 .
Furthermore:
(3.64) s − lim
t→+∞
1[0,ǫχ ]
 |r ∗|
t

χ (H )e −i t H = 0.
17σpp(H ), the pure-point spectrum, is the set of all eigenvalues of H . It is not to be confused with the discrete
spectrum,σdisc(H ) =R \σess(H ), the set of all isolated eigenvalues with finite multiplicity.
18See, for instance, lemma 7.2.12 in [2]
SCATTERING THEORY FOR DIRAC FIELDS NEAR AN EXTREME KERR-DE SITTER BLACK HOLE 47
This “minimal velocity estimate” means that, given a certain energy interval, all fields with
energy in that interval, must be outside of the “cone” {|r ∗|< ǫI t } at late times; it will be crucial
to the construction of the wave operators.
3.6.3. Maximal velocity estimate. Independently of Mourre theory, one can show that we also
have a natural “maximal velocity estimate”, that is a consequence of the geometry:
Proposition 3.6. Let δ ∈ (0,1),b ∈C∞0 (R) be such that suppb ∩ [−1−δ, 1+δ] = ;, then there is
some constant C ∈R∗ such that for any u ∈H :
(3.65)
∫ +∞
1
b ( r ∗t )e −i t H u
2 d tt ≤C ||u ||2 .
Furthermore, for any b ∈C∞(R) such that b ≡ 0 on [−1−δ, 1+δ] and b = 1 for |r | large, then:
(3.66) s − lim
t→∞
b (
r ∗
t
)e −i t H = 0
The proof is identical to that of Proposition IV.4.4 in [7].
3.6.4. What of t → −∞? Up to now, we have only discussed estimates in the far future, and
have said nothing of the far past. After thorough inspection, one can convince onself that all
the results here hold for −H (the conjugate operator should also be replaced by its opposite),
but, there is a faster way to see this. The Kerr-de Sitter metric (1.1) is invariant under the si-
multaneous substitutions: 
 t → −ta → −a .
This is intuitively reasonable because a time reversed black-hole will rotate in the opposite
way. Consequently, all the results in the section have suitable analogs at t →−∞.
4. INTERMEDIATE WAVE OPERATORS
4.1. Overall strategy. In this section our goal is to show that, despite the long-range non-
spherically symmetric potentials at the double horizon, it is still possible to reduce the scatter-
ing problem to a 1-dimensional one. To this end, we introduce the following operators:
H1 =H0+h
−1VC h
−1,(4.1)
He =H0+ g (r
∗)ϑ(θ ),(4.2)
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with:
ϑ(θ ) =
a 2 sinθp
∆θ

l 2r 2e −1
r 2e +a 2

Γ
3p +ρemΓ
0− a sinθ re
2ρ2e
p
∆θ γ˜,(4.3)
ρe = r
2
e +a
2 cos2θ , γ˜=

 σx 0
0 σx

 .(4.4)
Finally, VC and VS are defined by equations (2.30) and (2.31). Both H1 and He are of the pre-
scribed form (3.12), hence the theory presented in Section 3 applies to them.
We will show that we can compare the full operator H ≡ H p = hH0h + VS +VC to simplified
dynamics as so:
H −→
r ∗→±∞

 H1 −→r ∗→+∞H0H1 −→
r ∗→−∞He
4.2. First comparison. The first step is to compare H to H1. Here, there is no distinction be-
tween the behaviours at the different horizons because:
H −H1 = (h2−1)H0+h [H0,h ]+VS + (h2−1)h−2VC ≡ (h2−1)
∈S 2,2
H1+VS +h [H0,h ],
and VS +h [H0,h ]≡ V˜S is short-range. Proposition 3.5 is the key to prove:
Proposition 4.1. The generalised wave-operators:
(4.5)
Ω
1
± = s − limt→±∞e
i t H1e −i t HPc (H ),
Ω˜
1
± = s − limt→ ±∞e
i t H e −i t H1Pc (H1),
exist, where, for any self-adjoint operator B , Pc (B ) denotes the projection onto the absolutely
continuous subspace of B .
Proof. We show the existence of the first limit at t →+∞ the other cases are similar. We begin
by remarking that: ⋃
χ∈C∞0 (R)
suppχ∩{0}=;
χ (H )H = Pc (H )H ,
so it is sufficient to prove the existence of the limit:
s − lim
t→+∞
e i t H1χ (H )e −i t H ,
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for every χ ∈C∞0 (R), suppχ ∩{0}= ;. Consider then such a χ and let ǫχ be defined by Propo-
sition 3.5. Choose j0 ∈ C∞0 (R) such that supp j0 ⊂ (−ǫχ ,ǫχ ) and j ≡ 1 on a neighbourhood of
0. Set j = 1− j0. (3.64) implies that:
s − lim
t→∞e
i t H1 j0(
r ∗
t
)e −i t Hχ (H ) = 0.
It remains to prove the existence of:
s − lim
t→∞
e i t H1 j (
r ∗
t
)χ (H )e −i t H .
For this, we apply themethods of Cook and Kato19, who remarked that the convergence of the
integral: ∫ +∞
1
d
dt

e i t H1 j (
r ∗
t
)χ (H )e −i t H u

,
for every u in a dense set ofH , was a sufficient condition for the limit to exist. To prove the
convergence of the integral, there are two model arguments that will both be illustrated on
this simple example. To begin with, let u ∈D (H ) =D (H1) then one has:
d
dt

e i t H1 j (
r ∗
t
)χ (H )e −i t H

u = e i t H1

iH1 j (
r ∗
t
)− r
∗
t 2
j ′(
r ∗
t
)− j ( r
∗
t
)iH

χ (H )e −i t H u ,(4.6)
= e i t H1

i j (
r ∗
t
)(H1−H ) +
1
t
(Γ 1− r
∗
t
) j ′(
r ∗
t
)

χ (H )e −i t H .(4.7)
The treatment of the first term, illustrates the first type of argument. Consider first:
H1−H = (h2−1)H1 + V˜S .
On supp j , one must have r ∗ ≥ ǫt for some ǫ ∈ R∗
+
, thus, 1r ∗ ≤ 1ǫt on supp j . Consequently,
j ( r
∗
t )(h
2−1) =O (t −2) and j ( r ∗t )V˜S =O (t −2). Because H1χ (H ) is bounded, the term
e i t H1 j (
r ∗
t
)(H1−H )e −i t H u ,
is therefore integrable.
The final term, e i t H1 1t
 
Γ
1− r ∗t

j ′( r
∗
t )χ (H )e
−i t H u , that is not clearly integrable in the sense of
Lebesgue, requires a different treatment, which will serve as illustration for the second type
of argument we use. Lebesgue integrability is in fact sufficient, but not necessary; the key to
Cook’s argument is simply that for any ǫ and any t1, t2 sufficiently large:
19see for example [11,24]
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e i t2H1 j ( r ∗t2 )χ (H )e −i t2H − e i t1H1 j ( r
∗
t1
)χ (H )e −i t1H
< ǫ.
Moreover, by the Hahn-Banach theorem, there is v ∈H , ||v || ≤ 1 such that:
||e i t2H1 j ( r
∗
t2
)χ (H )e −i t2H u − e i t1H1 j ( r
∗
t1
)χ (H )e −i t1H u ||
= (v,e i t2H1 j (
r ∗
t2
)χ (H )e −i t2H u − e i t1H1 j ( r
∗
t1
)χ (H )e −i t1H u ),
=
∫ t2
t1

v,
d
dt

e i t H1 j (
r ∗
t
)χ (H )e −i t H u

dt .
So, one only needs to verify that for t1, t2 sufficiently large the integral:∫ t2
t1

v,
d
dt

e i t H1 j (
r ∗
t
)χ (H )e −i t H u

dt ,
can be made arbitrarily small.
Choose now χ˜ ∈C∞0 (R) such that suppχ˜ ∩{0}= ; and χ˜χ =χ , j˜ ∈C∞0 (R), that vanishes on a
neighbourhood of zero and satisfies j˜ j ′ = j ′. Notice then that:
1
t
(Γ 1− r
∗
t
) j ′(
r ∗
t
)χ (H ) =χ˜ (H1) j˜ (
r ∗
t
)
1
t
(Γ 1− r
∗
t
) j˜ (
r ∗
t
) j ′(
r ∗
t
)χ (H )
+
1
t
(Γ 1− r
∗
t
) j˜ (
r ∗
t
) j ′(
r ∗
t
)(χ˜(H )− χ˜(H1))χ (H )
+
1
t
[(Γ 1 − r
∗
t
), χ˜(H1)] j
′(
r ∗
t
)χ (H )
+
1
t
(Γ 1− r
∗
t
)[ j ′(
r ∗
t
), χ˜(H1)]χ (H ).
The last three terms are O (t −2) so are integrable, this is not changed by multiplying to the left
with e i t H1 and to the right with e −i t H . Now, for any v ∈H , one certainly has:
|(v,e i t H1 1
t
χ˜(H1) j˜ (
r ∗
t
)(Γ 1− r
∗
t
) j˜ (
r ∗
t
) j ′(
r ∗
t
)χ (H )e −i t H u )|
=
 1pt j˜ ( r ∗t )(Γ 1− r ∗t ) j˜ ( r ∗t )χ˜ (H1)e −i t H1v, 1pt j ′( r ∗t )χ (H )e −i t H u
 ,
≤ K
 1pt j˜ ( r ∗t )χ˜(H1)e −i t H1v
 1pt j ′( r ∗t )χ (H )e −i t H u
 ,
for some K ∈R∗
+
. In the above we have used the fact that: j˜ ( r
∗
t )(Γ
1− r ∗t ) ∈ B (H ).
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Applying the Cauchy-Schwarz inequality, we get the following estimate:
∫ t2
t1
|(v,e i t H1 1
t
Γ
1χ˜(H1) j˜ (
r ∗
t
) j ′(
r ∗
t
)χ (H )e −i t H u )|dt
≤ K
∫ t2
t1
 j˜ ( r ∗t )χ˜(H1)e −i t H1v
2 dtt
 1
2
∫ t2
t1
 j ′( r ∗t )χ (H )e −i t H u
2 dtt
 1
2
.
However, it follows from Proposition 3.5 that there is some constant C ∈R∗
+
such that:
∫ t2
t1
 j˜ ( r ∗t )χ˜(H1)e −i t H1v
2 dtt
 1
2
∫ t2
t1
 j ′( r ∗t )χ (H )e −i t H u
2 dtt
 1
2
≤C ||v ||
∫ t2
t1
 j ′( r ∗t )χ (H )e −i t H u
2 dtt
 1
2
,
≤C
∫ t2
t1
 j ′( r ∗t )χ (H )e −i t H u
2 dtt
 1
2
.
In the last inequality we have specialised to the case where ||v || ≤ 1. This quantity can be
made arbitrarily small, for large enough t1, t2, again by Proposition 3.5. The existence of the
limit then follows. 
4.3. Second comparison. Our aim now is to show that asymptotically the dynamics of H1
can again be simplified. However, the comparisons we will make in this section depend on
the asymptotic region we consider. We will separate incoming and outgoing states using cut-
off functions, c±, that are assumed to satisfy: c± ∈ C∞(R), c± ≡ 1 in a neighbourhood of ±∞
and that vanish in a neighbourhood of ∓∞. We then seek to show that the following limits
exist:
(4.8)
Ω
2
±,Hr+ = s − limt→±∞e
iH0 t c+(r
∗)e −iH1 tPc (H1),
Ω˜
2
±,Hr+ = s − limt→±∞e
iH1 t c+(r
∗)e −iH0 t ,
Ω
2
±,Hre = s − limt→±∞e
iHe t c−(r
∗)e −iH1tPc (H1),
Ω˜
2
±,Hre = s − limt→±∞e
iH1 t c−(r
∗)e −iHe tPc (He ).
This appears to introduce a certain arbitrariness into the construction, the following lemma
shows that this is not the case:
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Lemma 4.1. If the limits (4.8) exist, then they are independent of the choice of cut-off functions
c±.
Proof. Themain point is that two such functions can differ on at most a compact set, i.e. their
difference is an element of C∞0 (R). So let us prove that if c ∈C∞0 (R), then, for instance:
s − lim
t→+∞
e iH0 t c (r ∗)e −iH1tPc (H1) = 0,
the other cases will be similar. As before, by density, we only need to prove that:
s − lim
t→+∞
e iH0 t c (r ∗)χ (H1)e
−iH1t = 0,
for any χ ∈C∞0 (R), suppχ ∩{0} = ;.
Letχ be as so and letM ∈R∗+ be such that suppc ⊂ [−M ,M ]. Choose j0 ∈C∞0 (R)with support
contained in (−ǫχ ,ǫχ ) such that, say, j0(s ) = 1 for any s ∈ [−
ǫχ
2 ,
ǫχ
2 ]. Then, for any t ≥ 1, j0( r
∗
t ) =
1 for any |r ∗| ≤ ǫχ2 t . Hence, for t ≥ 2Mǫχ , c (r ∗) = c (r ∗) j0(
r ∗
t ) for any r
∗ ∈R.
It follows that: s − lim
t→+∞
e iH0t c (r ∗)χ (H1)e
−iH1t = s − lim
t→+∞
e iH0 t c (r ∗) j0(
r ∗
t
)χ (H1)e
−iH1t = 0, by
Proposition 3.5. 
We now argue that the limits (4.8) exist, with emphasis on:
(4.9) s − lim
t→+∞
e iHe t c−(r
∗)e −iH1tPc (H1),
the other cases being similar.
Lemma 4.2. H1−He is short-range near the double horizon.
Proof. Note that:
(4.10) h−2VC = g

Ξ
sinθ

ρ2
σ
−
p
∆θ
Ξ

Γ
3p +ρmΓ 0 − a sinθ r
2ρ2
p
∆θ γ˜

︸ ︷︷ ︸
Θ(r,θ )
,
and Θ(re ,θ ) = ϑ(θ ). Thus, Θ(r,θ )−ϑ(θ ) = o
r→re
(r − re ) = o
r ∗→−∞
(r ∗−1), which leads to:
h−2VC − gϑ(θ ) = O
r ∗→∞
(
1
r ∗2
).

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Proof of the existence of (4.9). As before, we only need to prove that:
s − lim
t→+∞
e iHe t c−(r
∗)χ (H1)e
−iH1t ,
exists for any χ ∈ C∞0 (R) with suppχ ∩ {0} = ;. Let χ be as so, and j0, j be as in the proof
of Proposition 4.1. Then, s − lim
t→+∞
e iHe t c−(r
∗) j0(
r ∗
t
)χ (H1)e
−iH1 t = 0 and we must prove the
existence of s − lim
t→+∞e
iHe t c−(r
∗) j (
r ∗
t
)χ (H1)e
−iH1 t .
To simplify notations, setM (t ) = e iHe t c−(r ∗) j (
r ∗
t )χ (H1)e
−iH1 t , its derivative is given by:
(4.11) M ′(t ) = e iHe t

iHe c−(r
∗) j (
r ∗
t
)− r
∗
t 2
c−(r
∗) j ′(
r ∗
t
)− c−(r ∗) j (
r ∗
t
)iH1

χ (H1)e
−iH1t .
The term between parentheses is:
(4.12) c−(r
∗) j (
r ∗
t
)i (He −H1) + Γ 1(c−(r ∗) j (
r ∗
t
))′− r
∗
t 2
c−(r
∗) j ′(
r ∗
t
)
= c−(r
∗) j (
r ∗
t
)i (He −H1) + Γ 1(c ′−(r ∗) j (
r ∗
t
)) +
1
t
c−(r
∗)(Γ 1− r
∗
t
) j ′(
r ∗
t
).
The only new term compared with the proof of Proposition 4.1 is: Γ 1(c ′−(r
∗) j ( r
∗
t )), however
this vanishes when t is sufficiently large because c ′ has compact support and j vanishes on a
neighbourhood of 0. Moreover, since He −H1 is short-range near the double horizon and c−
vanishes on a neighbourhood of +∞ it follows that the first two terms are O (t −2) and hence
integrable. The last term is treated as at the end of the proof of Proposition 4.1. 
4.4. The operatorHe . The expression of He suggests that we seek to understand the precise
spectral theory of the operator, defined on the sphere by:
(4.13) De =D+ϑ(θ ).
In particular, we would like to show that there is a Hilbert space decomposition of L2(S2)⊗C4
which enables us to decompose the full Hilbert space H into an orthogonal sum of stable
subspaces, that can be used to study He . Since ϑ(θ ) is a bounded operator it is an imme-
diate consequence of the Kato-Rellich perturbation theorem thatDe has compact resolvent.
However, we require a slightly more thorough understanding of the structure of the spectral
subspaces and in particular how Γ 1 acts on them.
SCATTERING THEORY FOR DIRAC FIELDS NEAR AN EXTREME KERR-DE SITTER BLACK HOLE 54
4.4.1. Dimension of spectral subspaces. Decompose L2(S2)⊗C4 in the usualmanner by diago-
nalisingDϕ with anti-periodic boundary conditions, and consider the restrictionD
n
e ofDe to
the subspace with eigenvalue n ∈Z+ 12 . In the following Eλ will denote the spectral subspace
of λ ∈R for this restricted operator.
An element f in this subspace is an eigenvector with eigenvalue λ ∈R ofDne if and only if it is
a solution to the first order ordinary differential equation:
p
∆θ Γ
2Dθ f −
i
2

∆
′
θ
2
p
∆θ
+ cotθ

Γ
2 f +
p
∆θ
sinθ
n +
a 2 sinθp
∆θ
l 2r 2e −1
r 2e +a 2
p

Γ
3 f
−a re sinθ
p
∆θ
2ρ2e
γ˜ f +ρemΓ
0 f −λ f = 0
(4.14)
Note that since Γ 1 anti-commutes with Γ 0,Γ 3,Γ 2 and γ˜, if f is a solution to (4.14) then Γ 1 f is a
solution to the analogous equation for−λ, in fact, Γ 1 is an isometry between Eλ and E−λ.
The studyof (4.14) is slightly easier after the substitution z = cos θ , afterwhichweobtain:
−
p
∆θ
p
1− z 2Γ 2Dz f −
i
2

−a 2l 2 z
p
1− z 2p
∆θ
+
zp
1− z 2

Γ
2 f
+
 p
∆θp
1− z 2
n +
a 2
p
1− z 2p
∆θ
l 2r 2e −1
r 2e +a 2
p

Γ
3 f −a
p
1− z 2
p
∆θ
2ρ2e
γ˜ f +ρemΓ
0 f −λ f = 0.
(4.15)
Save the expressions
p
1− z 2, 1p
1−z 2 , all other functions appearing in the coefficients of the
equation can be extended to analytic functions on a disc centered in 0 andwith radius 1+ǫ for
some ǫ > 0, the reason for this is that the parameters satisfy: |al |< 2−p3< 1 and x > |a |. This
suggests that (4.15) extends naturally to a differential equation expressed on an open subset
of the 1-dimension complex manifold S :
S = {(z ,w )∈C2, z ∈ B (0,1+ ǫ), z 2+w 2 = 1},
where z is used as local coordinate - the implicit function theorem implies that this can be
done in a neighbourhood of any point in S save (1,0), (−1,0). The functions z ,w are globally
defined and holomorphic on S and (4.15) can be rewritten:
−
p
∆θw Γ
2Dz f −
i
2

−a 2l 2 zwp
∆θ
+
z
w

Γ
2 f +
p
∆θ
w
n +
a 2wp
∆θ
l 2r 2e −1
r 2e +a 2
p

Γ
3 f
−aw
p
∆θ
2ρ2e
γ˜ f +ρemΓ
0 f −λ f = 0.
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By the Cauchy-Lipschitz theorem the set of solutions to Equation (4.16) on S \ {(1,0), (−1,0)}
is a 4-dimensional vector space. The solutions to (4.15) will be the restrictions to ]− 1,1[, (i.e.
z ∈]−1,1[,w > 0) of those of (4.16). Amongst these, wemust pick out those in L2]−1,1[. Since
De has compact resolvent we already know that they exist only for a countable number of
values ofλ. Wewill not seek the exact condition for this, but, a simple analysis of thebehaviour
of the solutions near a point where w = 0 will enable us to see that the subspace of L2]− 1,1[
solutions is atmost of dimension 2. To this end, we switch to local coordinates defined around
such a point, say, (−1,0). In fact, again using the Implicit Function Theorem, one can choose
w as local coordinate on a neighbourhood of (−1,0), the equation then becomes:
p
∆θ z Γ
2Dw f −
i
2

−a 2l 2 zwp
∆θ
+
z
w

Γ
2 f +
p
∆θ
w
n +
a 2wp
∆θ
l 2r 2e −1
r 2e +a 2
p

Γ
3 f
−aw
p
∆θ
2ρ2e
γ˜ f +ρemΓ
0 f −λ f = 0
(4.17)
(4.17) has a singular-regular point atw = 020, hence, one can apply the Frobeniusmethod, i.e.
there are solutions of the form f (w ) = w α
∑
k akw
k . Plugging this anstaz into (4.17) we find
that a0 must be in the null space of the map:
(4.18) M (α) = i (α+
1
2
)Γ 2+nΓ 3.
This kernel is non-trivial only if α satisfies:
(4.19) (α−n + 1
2
)2(α+n +
1
2
)2 = 0.
For each solution to (4.19), the kernel of M (α) is of dimension 2, and so one can generate
two linearly independent solutions for each α21. Only α = |n | − 12 can yield square integrable
solutions to (4.15), thus it follows that:
Lemma 4.3. In the notations of this paragraph, if n ∈Z+ 12 and λ ∈σ(Dne ), then dimEλ ≤ 2.
We now complete the proof of Lemma 2.3 ; the eigenequation S˜ψk ,n = λkψk ,n is the special
case of (4.15), where x = p = m = 0. In this case, the equation has another symmetry that
amounts to saying that Γ 2 and Γ 3 anti-commute with the matrix P =

 0 I2
I2 0

. Hence, P ,
20see [22]
21Note that, since the roots of (4.19) differ by a positive integer, the anstaz will need to be modified to include
possible logarithmic terms in the solution when α=−|n | − 12
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like Γ 1, is an isometry of Eλ onto E−λ, however for any u ∈ C4 \ {0}, Pu and Γ 1u are linearly
independent, so that we must have equality in Lemma 4.3. The form of the solutions follows
from the block diagonal form of the equations.
4.4.2. A reduction of He . Denote now:
• σ(De )∪{0}= (µk )k∈Z, enumerated such that µ−k =−µk , for each k ∈Z.
• For each k ∈ Z, J (k ) the set of integers q ∈ Z such that µk is an eigenvalue for Dq+
1
2
e ;
note that also J (k ) = J (−k ).
• If k ∈Z,q ∈ J (k ), Ek ,q the spectral subspace of the eigenvalue µk ofDq+
1
2
e . By conven-
tion, if 0 6∈σ(De ), we set J (0) = {0} and E0,0 = {0}.
• For each k ∈N∗ and fixed q ∈ J (k ), E˜k ,q = L2(R)⊗ (Ek ,q
⊥⊕ E−k ,q ).
• E˜0,q = L2(R)⊗ E0,q ,q ∈ J (0)
The subspaces E˜k ,q are, by construction, stableunder theactionofHe andH =
⊕
k∈N,q∈J (k )
E˜k ,q .
Now, letk ∈N∗,q ∈ J (k ), if (ei )i∈¹1,dimEk ,q º is anorthonormalbasis forEk ,q , then (Γ 1ei )i∈¹1,dimEk ,q º
is an orthonormal basis of E−k ,q and so, since Ek ,q and E−k ,q are orthogonal, one can concate-
nate these two bases to obtain an orthonormal basis Ek ,q ⊕ E−k ,q . This enables us to identify,
isometrically, E˜k ,q with [L
2(R)]2dimEk ,q via the natural isomorphism:
((ui )i∈¹1,dimEk ,q º, (vi )i∈¹1,dimEk ,q º) 7−→
dimEk ,q∑
i=1
(ui + vi Γ
1)ei .
Through this isomorphism, the restriction, H q ,ne of He to E˜k ,q corresponds to the following
operator:
ΓD ∗r +µkg (r
∗)Γ˜ + f (r ∗),
where Γ =

 0 IdimEk ,q
IdimEk ,q 0

 , Γ˜ =

 IdimEk ,q 0
0 −IdimEk ,q

 and satisfy the important prop-
erty that {Γ , Γ˜ }= 0.
It is easily seen to be unitarily equivalent to:
(4.20)
Γ
1D ∗r −µkg (r ∗)Γ 2+ f (r ∗) if dimEk ,q = 2,
−σzD ∗r +µkg (r ∗)σx + f (r ∗) if dimEk ,q = 1.
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If 0 ∈ σ(De ) then, dimE0,q ∈ {1,2}, for any q ∈ J (0) and through the natural identification
described above is of the form ΓDr ∗ + f (r
∗)where Γ here is just some unitary matrix.
This is in all points analogous to (2.21), and we will now be able to complete the scattering
theory in a unified fashion. It also follows that He has no eigenvalues by the same Grönwall
lemma argument that was used forH0 in Section 3.6.1. In short we have:
Lemma 4.4. σ(He ) =σa c (He ), consequently, Pc (He ) = Id.
4.5. The spherically symmetric operators. The final step required in order to obtain the full
scattering theory is to compare He and H0 to their natural asymptotic profiles, Γ
1Dr ∗ + c± at
r ∗ →±∞ respectively; c+ = apr 2++a 2−
ap
r 2e +a 2
and c− = 0. In thepreviousparagraph, weestablished
that theHilbert spaceH could be decomposed into anorthogonal sumof stable subspaces on
which He reduces to a spherically symmetric operator ; this was also shown to be the case of
H0, in Section 2.4. By consequence, in order to construct waveoperators, we only need towork
on one of these subspaces. Additionally, the similarities between the reduced forms ofHe and
H0 imply that we, in fact, only need to know how to construct the wave operators for
22:
(4.21) h= Γ 1Dr ∗ −µg (r ∗)Γ 2+ f (r ∗),
on [L2(R)]4, andunder theassumption thatwehaveminimal/maximal velocity estimates. This
is manifestly the case for our operators because the estimates are stable under the restriction
to a stable subspace.
In this section, we will only work with operators of the form (4.21), and show how to construct
(modified) wave operators. At the double horizon f (r ∗) is long-range so a modification of
the dynamics will be necessary; since it is of Coulomb type, a Dollard modification will suf-
fice. Once more, due to the differences in the asymptotic behaviour at ±∞, they will need
to be separated. However, here, it will be possible to do this neatly due to the fact that the
asymptotic operators are locally-scalar. This property enables us to establish microlocal ve-
locity estimates, and consequently, the existence of asymptotic velocity operators prior to that
of the (modified) wave-operators. The construction being in all points analogous to the case
of a Reissner-Nordström blackhole treated in [8]; we will only outline its main steps and em-
phasise on the minor differences due to the double horizon, although, essentially, the double
horizon is treated in the samemanner as space-like infinity in the massless case.
4.5.1. Microlocal velocity estimates. The first step is to prove themicrolocal velocity estimates
that complete the information furnished by the maximal and minimal velocity estimates by
giving an approximation of the operator r
∗
t at late times. One should think of the operator
r ∗
t
as an approximate velocity operator, and it might be expected that, by analogy with the Kerr-
Newmann case, the mass being invisible here at both horizons, it will tend to Γ 1. The precise
statement is as follows:
22We choose to discuss the case where dimEk ,q = 2, but the reasoning is independent of this choice.
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Proposition 4.2. Let χ ∈C∞0 (R) be such that suppχ ∩{0}= ; and choose 0< θ1 < θ2, then there
is a constant C > 0 such that for any u ∈ [L2(R)]4:
(4.22)
∫ +∞
1
1[θ1,θ2]( |r ∗|t )(Γ 1− r ∗t )χ (h)e −i t hu
2 d tt ≤C ||u ||2 .
The proof of Proposition 4.2 will be split into two cases. First, we will restrict to the part of the
field that is escaping towards the simple horizon:
Proof of Proposition 4.2, first case . Instead of (4.22), let us seek to estimate:
(4.23)
∫ +∞
1
F ( r ∗t )(Γ 1− r ∗t )χ (h)e −i t hu
2 d tt ≤C ||u ||2 ,
where F ∈C∞0 (R), F ≡ 1 on a neighbourhood of [θ1,θ2] and χ ,θ1,θ2 satisfy the hypotheses of
Proposition 4.2; the conditions on F restrict to the region r ∗ > 0. It is enough to assume that
[θ1,θ2] is a neighbourhood of [ǫχ , 1], for this covers the region where we lack information.
Now define for each t ≥ 1:
φ(t ) =χ (h)F (
r ∗
t
)

R (
r ∗
t
) + (Γ 1− r
∗
t
)R ′(
r ∗
t
)

F (
r ∗
t
)χ (h).
R ∈C∞0 (R) is assumed to satisfy R ′ ≡ 0 on a neighbourhood of 0 and R (r ∗) = r
∗2
2 on suppF . φ
is uniformly bounded in t and:
(4.24)
φ′(t ) =− 1
t
χ (h)
r ∗
t
F ′(
r ∗
t
)

R (
r ∗
t
) + (Γ 1− r
∗
t
)R ′(
r ∗
t
)

F (
r ∗
t
)χ (h)
− 1
t
χ (h)F (
r ∗
t
)

R (
r ∗
t
) + (Γ 1− r
∗
t
)R ′(
r ∗
t
)

r ∗
t
F ′(
r ∗
t
)χ (h)
− 1
t
χ (h)F (
r ∗
t
)

(Γ 1− r
∗
t
)
r ∗
t
R ′′(
r ∗
t
)

F (
r ∗
t
)χ (h).
Moreover:
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(4.25)
i [h,φ(t )] =χ (h)

F (
r ∗
t
)(−iµ)g (r ∗)[Γ 2,Γ 1]R ′( r
∗
t
)F (
r ∗
t
)

χ (h)
+
1
t
χ (h)Γ 1F ′(
r ∗
t
)

R (
r ∗
t
) + (Γ 1− r
∗
t
)R ′(
r ∗
t
)

F (
r ∗
t
)χ (h)
+
1
t
χ (h)F (
r ∗
t
)

R (
r ∗
t
) + (Γ 1− r
∗
t
)R ′(
r ∗
t
)

Γ
1F ′(
r ∗
t
)χ (h)
+
1
t
χ (h)F (
r ∗
t
)Γ 1(Γ 1− r
∗
t
)R ′′(
r ∗
t
)F (
r ∗
t
)χ (h).
So the Heisenberg derivative ofφ is :
(4.26)
Dhφ(t ) =
1
t
χ (h)(Γ 1− r
∗
t
)F ′(
r ∗
t
)

R (
r ∗
t
) + (Γ 1− r
∗
t
)R ′(
r ∗
t
)

F (
r ∗
t
)χ (h)
+
1
t
χ (h)F (
r ∗
t
)

R (
r ∗
t
) + (Γ 1− r
∗
t
)R ′(
r ∗
t
)

F ′(
r ∗
t
)(Γ 1− r
∗
t
)χ (h)
+χ (h)F (
r ∗
t
)(−iµg (r ∗))[Γ 2,Γ 1]R ′( r
∗
t
)F (
r ∗
t
)χ (h)
+
1
t
χ (h)F (
r ∗
t
)(Γ 1− r
∗
t
)R ′′(
r ∗
t
)(Γ 1− r
∗
t
)F (
r ∗
t
)χ (h)
Consider the first term, and let F˜ ∈ C∞0 (R) be such that suppF˜ ⊂]−∞,θ1[ ∪ [θ2,+∞[ and
F˜ F ′ = F ′ on suppF ′. It can now bewritten: 1t χ (h )F˜ (
r ∗
t )B (t )F˜ (
r ∗
t )χ (h), where B (t ) is uniformly
bounded, so, there is a constantM > 0 such that:
1
t
χ (h)(Γ 1− r
∗
t
)F ′(
r ∗
t
)

R (
r ∗
t
) + (Γ 1− r
∗
t
)R ′(
r ∗
t
)

F (
r ∗
t
)χ (h)≥−M
t
χ (h)F˜ 2(
r ∗
t
)χ (h).
Moreover, according to the minimal and maximal velocity estimates, there is C > 0 such that
for any u ∈ [L2(R)]4: ∫ +∞
1
F˜ ( r ∗t )χ (h)e −iht u
2 dtt ≤C ||u ||2 .
The same reasoning applies for the second term. The third term is treated in the following
manner: g ∈ S 1,1, which means in particular that: g (r ∗) = O
r ∗→+∞
(r ∗−2), thus:
χ (h)F (
r ∗
t
)µg (r ∗)i [Γ 1,Γ 2]R ′(
r ∗
t
)F (
r ∗
t
)χ (h)≥−M1
t 2
χ (h)F (
r ∗
t
)2χ (h),
for someM1 > 0, and one certainly has:
∫ +∞
1
F ( r ∗t )χ (h)e −iht u
2 dtt 2 ≤C1||u ||2 ,
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for any u ∈ [L2(R)]4 and some constant C1 > 0. The desired estimate follows because R ′′ = 1
on suppF andφ is uniformly bounded, we refer to [11](Lemma B.4.1) for the details. 
The argument used to treat the third term in (4.26) will not go through at the double horizon,
simply because the potential g (r ∗)Γ 2 is of Coulomb type. This was, of course, already the case
at spacelike infinity in the Reissner-Nordström case. The origin of this troublesome term is
simply the matrix-valued coefficients of our operator and the simple fact that [Γ 1,Γ 2] is non-
zero. However, rather large spectral subspaces of h0 sit in one of the spectral spaces of Γ 1 and,
restricted to these subspaces, the commutator is zero. This will turn out to be sufficient to
conclude, since the Coulomb decay is enough for the Helffer-Sjöstrand formula to enable a
control of operators of the form F ( r
∗
t )(χ (h0)−χ (h)).
This rough idea ismade very precise thanks to the notion of locally scalar operators introduced
in [14]. The definition is as follows:
Definition 4.1. Let E be a finite-dimensional complex Hilbert space and l : R→ B (E ) a con-
tinuous function such that l (p ) is symmetric for any p ∈ R. Define the operator L0 = l (Dx )
on L2(R)⊗ E , then, L0 is said to be scalar on an open subset I ⊂ R if there is a Borel function
µ :R→R such that:
(4.27) L01I (L0) =µ(Dx )1I (L0).
If λ ∈R, L0 is said to be scalar atλ, if the above holds on some open neighbourhood ofλ. Finally,
L0 is locally scalar on an open set I if and only if it is scalar at every point in I .
The authors of [14] hadDirac operators inmind as themain application of their theory and so
it is no surprise that our 1-dimensional Dirac operators Γ 1Dr ∗+c± satisfy the hypothesis of the
definition. We will nevertheless work out the details and show that they are locally scalar on
R \ {c±}; as it is a good illustration of the terms in the definition. The most direct23 way to do
this is to use the Fourier transform and work with the matrix-valued multiplication operators
Γ 1p + c±. For each p this is a diagonal hermitian matrix that has only two eigenvalues |p |+ c±
and −|p |+ c±.
Letλ ∈R\{c±} and let I ⊂R\{c±}be anyopen interval containingλ, then, since I is connected,
I∩]c±,+∞[= ; or I∩]−∞, c±[= ;. Suppose the latter, then 1I (Γ 1p+c±) acts on u ∈ L2(R)⊗E by
projecting u (p ) onto the eigenspace of the eigenvalue |p |+c± of thematrix Γ 1p+c± for each p .
Therefore, (Γ 1p + c±)1I (Γ 1p + c±) = (|p |+ c±)1I (Γ 1p + c±), which, after returning to the original
representation, equates to:
(Γ 1Dr ∗ + c±)1I (Γ
1Dr ∗ + c±) = (|Dr ∗ |+ c±)1I (Γ 1Dr ∗ + c±).
This does not hold on any neighbourhood of c± for there would always be two distinct eigen-
values.
23and informative
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Now, let L0 be scalar on some interval I and define:
(4.28) ΩI = {p ∈R,σ(l (p ))∩ I 6= ;}.
Then, in fact, the function µ in (4.27) can be chosen arbitrarily on R \ΩI ; this is clear in the
Fourier transform representation: 1I (l (p )) acts on u ∈ L2(R)⊗ E according to:
(1I (l (p ))u )(p ) =
∑
λ∈σ(l (p ))
1I (λ)Pλ(l (p ))u (p ),p ∈R,
where Pλ denotes projection onto the λ-eigenspace of the matrix l (p ). Consequently, if p ∈
R \ΩI then (1(l (p ))u )(p ) = 0.
To seehow toexploit this remark, letus studyΩI in the specificcaseofourDirac typeoperators;
wherewehave already seen thatµ(p ) = |p |+c±. To determineΩI choose λ ∈]c±,+∞[ and ǫ > 0
such that I =]λ− ǫ,λ+ ǫ[⊂ ]c±,+∞[, then
Ω(I ) = {p ∈R, ||p | − (λ− c±)|< ǫ}.
This is the union of two disjoint subsets on each side of 0, one can therefore assume that out-
side of ΩI , µ(p ) is extended to a function µ ∈C∞0 (R) and in this case we will also have:
Γ
11I (Γ
1Dr ∗ + c±) =µ
′(Dx )1I (Γ
1Dr ∗ + c±)
Again µ′ can be replaced with ν(p ) = p|p |ζ(p )where ζ ∈C∞(R),ζ(p ) = 1 outside a small neigh-
bourhoodof 0 andζ(p ) = 0onaneighbourhoodof 0. On this subspace, the operator is reduced
to a pseudo-differential operator with symbol ν(p ).
We now have the tools necessary to complete the proof at the double horizon, although, we
will not need to exploit the above remark to its full extent, contrary to [8], since themass terms
do not survive at the double horizon. We therefore propose a simpler proof, slightly different
in spirit, in which the aim is to pinpoint exactly at whichmoment the locally scalar properties
of the operator intervene.
Let θ1,θ2 and χ be as before, and, this time choose, F ∈ C∞0 (R) identically equal to 1 on
[−θ2,−θ1], to single out the double horizon. Without loss of generality, we can assume that
suppχ is a closed interval of R. Choose now, a connected open neighbourhood I of suppχ
disjoint from 0, and suppose, say, that I ⊂]0,+∞[ (the other case is identical), then h0 = Γ 1Dr ∗
is scalar on I . Finally, let χ˜ ∈C∞0 (R) such that suppχ ⊂ suppχ˜ ⊂ I and χ˜ = 1 on a neighbour-
hood of suppχ .
Proof of Proposition 4.2, second case . Now, the proof begins exactly as before, but we treat the
term with g (r ∗)more carefully, recall its expression:
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(4.29)
χ (h)F (
r ∗
t
)µg (r ∗)i [Γ 1,Γ 2]R ′(
r ∗
t
)F (
r ∗
t
)χ (h)
=−2iχ (h)F ( r
∗
t
)µg (r ∗)R ′(
r ∗
t
)F (
r ∗
t
)Γ 2Γ 1χ (h).
It is straightforward to see that:
(4.30)
χ (h)F (
r ∗
t
)µg (r ∗)R ′(
r ∗
t
)F (
r ∗
t
)Γ 2Γ 1χ (h) =χ (h)F (
r ∗
t
)µg (r ∗)R ′(
r ∗
t
)F (
r ∗
t
)Γ 2Γ 1χ˜(h0)χ (h)
+χ (h)F (
r ∗
t
)µg (r ∗)R ′(
r ∗
t
)F (
r ∗
t
)Γ 2Γ 1(χ˜(h)− χ˜(h0))χ (h).
The second term isO (t −2)becauseR ′( r
∗
t ) =
r ∗
t on suppF , r
∗g (r ∗) =O (1) and F ( r
∗
t )(χ˜(h)−χ˜ (h0))
isO (t −1). The first term can be decomposed further as follows:
(4.31)
χ (h)F (
r ∗
t
)µg (r ∗)R ′(
r ∗
t
)F (
r ∗
t
)Γ 2Γ 1χ˜ (h0)χ (h) =χ (h)[χ˜(h),F (
r ∗
t
)µg (r ∗)R ′(
r ∗
t
)F (
r ∗
t
)]Γ 2Γ 1χ˜(h0)χ (h)
+χ (h)F (
r ∗
t
)µg (r ∗)R ′(
r ∗
t
)F (
r ∗
t
)(χ˜(h)− χ˜(h0))Γ 2Γ 1χ˜(h0)χ (h)
+χ (h)F (
r ∗
t
)µg (r ∗)R ′(
r ∗
t
)F (
r ∗
t
)χ˜(h0)Γ
2
Γ
1χ˜(h0)χ (h)
The first and second terms are O (t −2) using the Helffer-Sjöstrand Formula, the last term, on
the other hand vanishes.
To see this, let us study:
χ˜(h0)Γ
2
Γ
1χ˜(h0) = χ˜(h0)1I (h0)Γ
2
Γ
11I (h0)χ˜(h0).
Via Fourier transform, 1I (h0)Γ
2Γ 11I (h0) is unitarily equivalent to thematrix-valuedmultiplica-
tion operator: 1I (Γ
1p )Γ 2Γ 11I (Γ
1p ), however, for p ∈ΩI :
1I (Γ
1p )Γ 2
p
|p |1I (Γ
1p ) = 1I (Γ
1p )Γ 2Γ 11I (Γ
1p ) =−1I (Γ 1p )Γ 1Γ 21I (Γ 1p ) =−1I (Γ 1p )Γ 2
p
|p |1I (Γ
1p )
Hence, all terms in the above equality vanish; Proposition 4.2 follows. 
The first consequence of (4.22) is:
Lemma 4.5. Let χ ∈C∞0 (R), such that 0 6∈ suppχ , and let 0< θ1 < θ2, then
(4.32) s − lim
t→+∞
1[θ1,θ2](
|r ∗|
t
)(Γ 1− r
∗
t
)χ (h)e −i t h = 0.
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Proof. As before, assume that θ1 < ǫχ et θ2 > 1. It is a direct consequence of the estimate (4.22)
that, if the limit exist, it should be 0. Let F ∈C∞0 (R) such that suppF ⊂ [−θ2,−θ1]∪ [θ1,θ2], let
us show that for any u ∈D (h) the following limit exists:
lim
t→+∞
||F ( r
∗
t
)(Γ 1− r
∗
t
)χ (h)e −i t hu ||2.
The desired result follows immediately as this limit is necessarily 0. We only need to show that
the Cauchy criterion is satisfied by the above by studying the integral :
∫ t2
t1
(u ,
d
dt
e i t hχ (h)F (
r ∗
t
)2(Γ 1− r
∗
t
)2χ (h)e −i t hu )dt,u ∈D (h).
The derivative evaluates to:
(u ,χ (h)e i t h
1
t
F ′(
r ∗
t
)(Γ 1− r
∗
t
)3F (
r ∗
t
)χ (h)e −i t hu )
+(u ,χ (h)e i t h
1
t
F (
r ∗
t
)(Γ 1− r
∗
t
)3F ′(
r ∗
t
)χ (h)e −i t hu )
−(u , 2
t
e i t hχ (h)F (
r ∗
t
)(Γ 1− r
∗
t
)2F (
r ∗
t
)χ (h)e −i t hu )
+(u , 2e i t hχ (h)F (
r ∗
t
)µg (r ∗)
r ∗
t
i [Γ 2,Γ 1]F (
r ∗
t
)e −i t hu ).
(4.33)
In order to show that the integral is arbitrarily small as long as t1, t2 are large enough, the first
three termsare treated as at the endof theproof of Proposition 4.1,moreprecisely, one exploits
thedifferent velocity estimates according to the supports of F and F ′; the last term isdealtwith
as in the secondpart of theproof of Proposition 4.2, one againuses the locally scalar properties
to reveal that it is in fact O (t −2) and hence integrable on [1,+∞]. 
Analogous results can be established at t →−∞, but one must replace Γ 1 with −Γ 1.
4.5.2. Asymptotic velocity operators. The first application of the results in the previous Sec-
tion is the proof of the existence of asymptotic velocity operators; they are usually defined
by:
(4.34) J (P ±) = s − lim
t→±∞
e i t h J (
r ∗
t
)e −i t h, J ∈C∞(R).
Provided that these limits exist, one can show that there is a unique, possibly non-densely
defined, operator, P ±, satisfying the above. We begin with an easy lemma:
Lemma 4.6. The following limits exist:
s − lim
t→±∞
e i t hΓ 1e −i t h.
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Proof. As usual, we will only discuss the t →+∞ case.
By density, one only needs to prove the existence of:
s − lim
t→±∞
e i t hχ (h)Γ 1χ (h)e i t h,
for any χ ∈C∞0 (R) such that {0} 6∈ supp χ .
Furthermore, as in the proof of Proposition 4.1, Proposition 3.5 implies that it is sufficient to
prove the existence of:
s − lim
t→±∞
e i t hχ (h) j (
r ∗
t
)Γ 1χ (h)e i t h,
where j ∈C∞(R) is a bounded function that vanishes on a neighbourhood of 0 and such that
supp j ′ ⊂ (−ǫχ ,ǫχ )with ǫχ given by Proposition 3.5.
We apply Cook’s method and calculate the derivative on D (h), one finds:
e i t hχ (h)

1
t
Γ
1(Γ 1− r
∗
t
) j ′(
r ∗
t
) + i [Γ 2,Γ 1]g (r ∗) j (
r ∗
t
)

χ (h)e −i t h.
The first term can be treated again as in the proof of Proposition 4.1, the second requires a
bit more effort, but the method is essentially that of Proposition 4.2. First, without loss of
generality assume that suppχ is a closed interval contained in, say (0,+∞), and let χ˜ ∈C∞0 (R)
satisfy suppχ ⊂ suppχ˜ ⊂ (0,+∞), χχ˜ = χ . Introduce equally a partition of unity j0, j1 such
that j1(s ) = 1 for s > 2 and vanishes for s < 1.
Then:
i [Γ 2,Γ 1]g (r ∗) j (
r ∗
t
) = i [Γ 2,Γ 1]g (r ∗) j0(
r ∗
t
) j (
r ∗
t
) + i [Γ 2,Γ 1]g (r ∗) j1(
r ∗
t
) j (
r ∗
t
).
g (r ∗) j1(
r ∗
t ) j (
r ∗
t ) =O (t
−2) so the second term is integrable. Now:
(4.35)
χ (h)2i Γ 2Γ 1g (r ∗) j0(
r ∗
t
) j (
r ∗
t
)χ (h) =χ (h)χ˜(h0)2i Γ
2
Γ
1g (r ∗) j0(
r ∗
t
) j (
r ∗
t
)χ (h)
+χ (h)(χ˜(h)− χ˜(h0)) j0(
r ∗
t
) j (
r ∗
t
)2i Γ 2Γ 1g (r ∗)χ (h),
Again, the second term is O (t −2) and the first has to be further decomposed:
(4.36)
χ (h)χ˜(h0)Γ
2
Γ
1g (r ∗) j0(
r ∗
t
) j (
r ∗
t
)χ (h) =χ (h)χ˜(h0)Γ
2
Γ
1g (r ∗) j0(
r ∗
t
) j (
r ∗
t
)χ˜(h)χ (h)
=χ (h)χ˜(h0)Γ
2
Γ
1[g (r ∗) j0(
r ∗
t
) j (
r ∗
t
), χ˜(h)]χ (h)
+χ (h)χ˜(h0)Γ
2
Γ
1(χ˜(h)− χ˜(h0))g (r ∗) j0(
r ∗
t
) j (
r ∗
t
)χ (h)
+χ (h)χ˜(h0)Γ
2
Γ
1χ˜(h0)g (r
∗) j0(
r ∗
t
) j (
r ∗
t
)χ (h)
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The last term vanishes, and one can use the Helffer-Sjöstrand Formula to show that the others
areO (t −2). 
The microlocal velocity estimate can now be used to prove that P ± exist:
Lemma 4.7. For any J ∈C∞(R):
(4.37) s − lim
t→+∞
e i t h( J (
r ∗
t
)− J (Γ 1))e −i t h = 0,
consequently:
(4.38)
P ± = s − lim
t→±∞
e i t h(±Γ 1)e −i t h,
σ(P ±) = {−1,1}.
Proof. First, by density, it is sufficient to consider J ∈C∞0 (R). For such J , theHelffer-Sjöstrand
formula can be used to show that the following holds for any j0 ∈C∞0 (R):
( J (
r ∗
t
)− J (Γ 1)) j0(
r ∗
t
) =
i
2π
∫
∂z¯ J˜ (z )(Γ
1− z )−1( r
∗
t
− z )−1(Γ 1− r
∗
t
) j0(
r ∗
t
)dz ∧dz¯
= B (t )(Γ 1− r
∗
t
) j0(
r ∗
t
).
The B (t ) are uniformly bounded in t .
By a further density argument we only need to prove that for any χ ∈C∞0 (R), 0 6∈ suppχ :
s − lim
t→+∞
e i t h( J (
r ∗
t
)− J (Γ 1))χ (h)e −i t h = 0.
Fix χ and introduce a smooth partition of unity, j1, j2, j3 subordinate to the open cover:
U1 = {|x |< ǫχ −
δ
2
},U2 = {|x |> 1+
δ
2
},U3 = { ǫχ −δ < |x |< 1+δ},
where ǫχ is given by Proposition 3.5 and δ ∈ (0,2ǫχ ).
Then:
e i t h( J (
r ∗
t
)− J (Γ 1))χ (h)e −i t h =
∑
i
e i t hB (t )(Γ 1− r
∗
t
) ji (
r ∗
t
)χ (h)e −i t h
The result now follows from the minimal, maximal andmicrolocal velocity estimates. 
SCATTERING THEORY FOR DIRAC FIELDS NEAR AN EXTREME KERR-DE SITTER BLACK HOLE 66
4.5.3. Wave operators for the 1-dimensional operators. The final stage of the construction is
to prove the existence of the (modified) operators in the spherically symmetric case. The as-
ymptotic velocity operator P ± of the previous section is used to separate the incoming and
outgoing states instead of the cut-off functions; the simplicity of its spectrum means in par-
ticular that:
H =Hin⊕Hout,
where: Hin = 1{−1}(P ±),Hout = 1{1}(P ±).
At the simple horizon, the asymptotic dynamics is given by h1 = Γ
1Dr ∗ + c0. The difference be-
tween this and the operator h is short range when r ∗→+∞. Hence, the existence of the wave
operators onHout can be shown in exactly the samemanner as that of (4.9). Our attention will
be focussed on constructing waves operators at the double horizon, for it is necessary tomod-
ify slightly the comparison dynamics in order to take into account the long range potentials;
we choose to use the Dollard [12]modification for it is simple and intuitive.
Let us recall the formof the operators under consideration in this section: we seek to compare
h= Γ 1Dr ∗ −µg (r ∗)Γ 2+ f (r ∗) to h0 = Γ 1Dr ∗ onHin.
Several remarks are in order: both the potentials are long-range near the double horizon and
{Γ 2,h0}= 0. We will find that the anti-commutation property of the first potential means that
its effect will not be seen at the double horizon, in other words, if the potential f was 0, the
classical unmodified wave operators would exist.
Themain ideaof themodificationcanbeexplainedas follows: if thepotential f (r ∗) commuted
with h0, one could expect on a purely formal level that:
e iht e −i f (r
∗)t e −ih0t = e i (h0−µg (r
∗)Γ 2)t e +i f (r
∗)t e −i f (r
∗)t e −ih0t = e i (h0−µg (r
∗)Γ 2)t e −ih0t .
Hence, modifying the asymptotic dynamics with e i t f (r
∗) would enable us to construct a wave
operator.
Now, f of course does not commute with h0, but, the microlocal velocity estimates suggest
that, in some sense, r ∗ ≈ Γ 1t when t → +∞, therefore it could be a good idea to attempt to
approximate f (r ∗) with f (Γ 1t ), which does commute with h0! We are therefore lead to try the
above reasoning with the dynamicsU (t , t0) generated by f (t Γ
1). In fact, the comparison only
interests us for r ∗ < 0, so we will consider the dynamics generated by f˜ (t Γ 1) = j (t Γ 1) f (t Γ 1)
where j ∈ C∞(R) is a smooth cut-off function satisfying j (s ) = 0 if s > 1 and j (s ) = 1 if s <
1
2 .
Since t 7→ f˜ (t Γ 1) = V (t ) is uniformly bounded in t ,U (t , t0) of this time-dependent operator is
given by the Dyson series, or, time-ordered exponential:
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U (t , t0) =
+∞∑
n=0
(−i )n
n !
∫
[t0,t ]n
T (V (t1)V (t2) . . .V (tn ))dtn . . .dt1 = T exp

(−i )
∫ t
t0
V (s )ds

.
In the above, the operator T denotes time ordering of the operators which is defined as:
T (V (t1) . . .V (tn )) =
∑
σ∈Sn
1(tσ(1) > tσ(2) > · · ·> tσ(n ))V (tσ(1)) . . .V (tσ(n )).
Theuniform-boundednessof theoperatorsV (t ) implies that this expansionconverges innorm.
We quote its main properties:
d
dt
U (t , t0) =−iV (t )U (t , t0), U (t , t ) = Id,
d
ds
U (t , s ) = iU (t , s )V (s ), U (t , t0) =U (t , s )U (s , t0), (t , s , t0) ∈R3.
LetU (t ) =U (t , 0), we shall prove the existence of:
(4.39) s − lim
t→ +∞
e i t hU (t )e −i t h01{−1}(Γ
1).
This is a special case of the results in [8], but it does not require the full generality of the results
stated there; we propose a more elementary proof.
Proof of the existence of (4.39). The asymptotic velocity operator is simply Γ 1 for h0 which is
the reasonwhyweuse it to split incoming andoutgoing states for h0. The first step is to replace
the projection with an operator that is more convenient to work with. First of all, for any J ∈
C∞0 (R) such that, supp J ⊂ (−∞, 0) and J (−1) = 1, J (Γ 1) = 1{−1}(Γ 1).
Furthermore for each t , one has:
(4.40)
e i t hU (t ) J (
r ∗
t
)e −i t h0 = e i t hU (t )e −i t h0(e i t h0 J (
r ∗
t
)e −i t h0 − J (Γ 1))
+ e i t hU (t )e −i t h0 J (Γ 1).
Now, e i t hU (t )e −i t h0 is uniformly bounded in t so applying24 Lemma 4.7 to h0, we find that the
strong limit of the first term exists and is 0, so, using another classical density argument we
only need to prove the existence of:
24although it is simpler for h
0
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s − lim
t→+∞
e i t hU (t ) J (
r ∗
t
)e −i t h0χ (h0),
for any χ ∈C∞0 (R), 0 6∈ suppχ , this in particular implies that χ ≡ 0 on a neighbourhood of 0.
Once more, we Cook’s method and calculate the derivative; one finds:
e i t h

i J (
r ∗
t
)(−µ)g (r ∗)Γ 2+ 1
t
J ′(
r ∗
t
)(Γ 1− r
∗
t
) + i J (
r ∗
t
) f (r ∗)− i J ( r
∗
t
) f˜ (t Γ 1)

χ (h0)U (t )e
−i t h0 .
The term involving J ′ can be treated by the secondmethod explained in the proof of Proposi-
tion 4.1; we will not repeat the reasoning here.
Let us examine the first term: T1 = e
i t h(i J ( r
∗
t )(−µ)g (r ∗)Γ 2e −i t h0U (t )χ (h0); remarking that Γ 1
commutes with h0, henceU (t ) commutes with χ (h0) and e
−i t h0 .
Since Γ 2 anti-commutes with Γ 1, Γ 2U (t ) = U˜ (t )Γ 2, where25 U˜ (t ) = T exp(i f˜ (−Γ 1t )), so one can
rewrite T1 as follows:
T1 = e
i t hi J (
r ∗
t
)(−µ)g (r ∗)U˜ (t )e −i t h0e i t h0Γ 2e −i t h0χ (h0).
Set E (t ) =
∫ t
0
e i sh0Γ 2e −i sh0χ (h0)ds . Γ 2 anti-commutes with h0, therefore:
E (t ) = Γ 2
∫ t
0
e −2i sh0χ (h0)ds .
However, it follows from the bounded functional calculus that:

∫ t
0
e −2i sh0χ (h0)ds
= supλ∈R

∫ t
0
e −2i sλχ (λ)ds
 .
Since χ ≡ 0 on a neighbourhood of 0, this is finite and bounded independently of t , so E (t ) is
a uniformly bounded function of t .
Now, for any t1, t2 ≥ 1,
25The operators under consideration here are all bounded, the series definingU (t ) converges in norm and f˜ is
continuous and bounded, so one only needs to check the anti-commutation property on polynomials.
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(4.41)
∫ t2
t1
T1(t )dt=

e i t hi J (
r ∗
t
)(−µ)g (r ∗)U˜ (t )e −i t h0E (t )
t2
t1
−
∫ t2
t1
∂t

e i t h(i J (
r ∗
t
)(−µ)g (r ∗)U˜ (t )e −i t h0

E (t )dt
Since J vanishes on a neighbourhood of 0, and E (t ) is uniformly bounded, the term in the
squared brackets vanishes as t1, t2→+∞:e i t hi J ( r ∗t )(−µ)g (r ∗)U˜ (t )e −i t h0E (t )
=O |g (r ∗)|J ( r ∗t )

=O

1
t

.(4.42)
Additionally, due to the further derivative, the integrand in the second term is O (t −2) and
hence integrable.
It remains to treat the final terms:
T2 = e
i t h

i J (
r ∗
t
) f (r ∗)− i J ( r
∗
t
) f˜ (t Γ 1)

χ (h0)U (t )e
−i t h0 .
Notice first that, supp J ⊂ (0,−∞), so J ( r ∗t ) = J ( r
∗
t ) j (r
∗) and:
T2 = e
i t hi J (
r ∗
t
)
 
f˜ (r ∗)− f˜ (t Γ 1)

χ (h0)U (t )e
−i t h0 .
It follows from (2.11) and the subsequent remarks that f˜ ∈ S 1,1, and one can use the Helffer-
Sjöstrand formula in appendix A to obtain an expression for ( f˜ (r ∗)− f˜ (t Γ 1)) J ( r ∗t ) as in theproof
of Lemma 4.7:
( f˜ (r ∗)− f˜ (t Γ 1)) J ( r
∗
t
) = B (t )(Γ 1− r
∗
t
) J (
r ∗
t
)
where B is a uniformly bounded operator in t . The desired integrability result is hence a con-
sequence of the microlocal velocity estimate (4.22); the existence of (4.39) follows. 
One can adapt the methods outlined here to prove:
Proposition 4.3. The following limits exist:
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(4.43)
s − lim
t→±∞
e i t he −i t h11{1}(±Γ 1),
s − lim
t→±∞
e i t h1e −i t h1{1}(P
±),
s − lim
t→±∞e
i t hU (t )e −i t h01{−1}(±Γ 1),
s − lim
t→±∞
e i t h0U (t )∗e i t h1{−1}(P
±).
5. THE FULL SCATTERING THEORY
In the previous two sections, the original scattering problem was progressively reduced to a
one-dimensional problem via two intermediate comparisons. We discussed the proof of the
existence of a number of strong limits that are to be identified with intermediate waves oper-
ators. In this section, we assemble these results into the scattering theory we set out to con-
struct; thewhole construction was broken up into three comparisons as illustrated in Figure 1.
H H1
He Asymptotic profiles
H0 Asymptotic profiles
FIGURE 1. Successive comparisons
5.1. Comparison I. The difference between H 1 and H being a short-range potential at both
infinities, there was no obstruction to the existence of the classical wave operators (Proposi-
tion 4.1):
(5.1)
Ω
1
± = s − limt→±∞e
i t H1e −i t HPc (H ),
Ω˜
1
± = s − limt→±∞e
−i t H e −i t H1Pc (H1).
The properties of these operators are well known26, they satisfy:
(5.2)
Ω˜
1
± =Ω
1
±
∗
, Ω1±H =H1Ω
1
±
Intertwining relation
,
Ω
1
±
∗
Ω±
1 = Pc (H ), Ω±
1
Ω
1
±
∗
= Pc (H1),
as such they are isometries between the absolutely continuous subspaces of H1 and H2; the
intertwining relation shows thatH andH1 are unitarily equivalent.
26see, for example, Chapter 37 in [24]
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5.2. Comparison II. The second comparison was established in Section 4.3 and required to
distinguish between states scattering to the double horizon Hre and those scattering to the
simple horizon Hr+ . This distinction was accomplished using smooth cut-off functions c±,
vanishing on a neighbourhood of∓∞ and equal to 1 on a neighbourhood of±∞; we will de-
note byC± the subset of smooth functionswith these properties. Wehave shown the existence
of the limits, for c± ∈C±:
(5.3)
Ω
2
±,Hr+ = s − limt→±∞e
iH0t c+(r
∗)e −iH1tPc (H1),
Ω˜
2
±,Hr+ = s − limt→±∞e
iH1t c+(r
∗)e −iH0t ,
Ω
2
±,Hre = s − limt→±∞e
iHe t c−(r
∗)e −iH1 tPc (H1),
Ω˜
2
±,Hre = s − limt→±∞e
iH1t c−(r
∗)e −iHe t .
The limits are independent of the choice of c±; recall also that both He and H0 only have ab-
solutely continuous spectrum. Proposition 4 in [31] shows that the ranges of both Ω˜2±,Hre and
Ω˜
2
±,Hr+ are subsets of the absolutely continuous subspace ofH1, it follows then that:
(5.4) Ω˜2±,Hre =Ω
2∗
±,Hre , Ω˜
2
±,Hr+ =Ω
2∗
±,Hr+ .
One also has the intertwining relations on the absolutely continuous subspace ofH1:
H0Ω
2
±,Hr+ =Ω
2
±,Hr+H1,(5.5)
HeΩ
2
±,Hre =Ω
2
±,Hre H1.(5.6)
Together, (5.2), (5.5) and (5.6) give:
(5.7) H0Ω
2
±,Hr+Ω
1
± =Ω
2
±,Hr+Ω
1
±H , HeΩ
2
±,Hre Ω
1
± =Ω
2
±,Hre Ω
1
±H .
Now, since the limits are independent of the choice of c± ∈C±, one can always choose c± such
that c 2
+
+ c 2− = 1, consequently:
(5.8) Ω2
∗
±Hre Ω
2
±Hre +Ω
2∗
±Hr+Ω
2
±Hr+ = Pc (H1),
One could have also chosen c± such that their supports were disjoint, therefore, we must also
have:
(5.9) Ω2±,Hre Ω
2∗
Hr+ =Ω
2
±,Hr+Ω
2∗
±,Hre = 0.
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In other words, relation (5.8) is an orthogonal sum decomposition of the absolutely continu-
ous subspace ofH1 and the operators (5.3) are partial isometries.
We therefore have a decomposition of Pc (H1) into incoming and outgoing states. In what fol-
lows, to simplify notations, we consider only the direct wave operators, analogous statements
can be formulated for the reverse ones. Define:
X
H1
in = (kerΩ
2
+,Hre )
⊥, X H1out = (kerΩ
2
+,Hr+ )
⊥.
In virtueof (5.8), these subspaceshavenice characterisations, indeed: X H1in is exactly kerΩ
2
+,Hr+Ω
1
+
∩
Pc (H1)H andφ ∈ kerΩ2+,Hr+Ω
1
+
∩Pc (H )H , if and only if :
lim
t→+∞
||c+(r ∗)e −i t Hφ||= 0,
for any c+ ∈ C+. In other words, the states in X H1in are exactly those whose energy is concen-
trated on R− at late times. Similarly,φ ∈ X H1out if and only if:
lim
t→+∞
||c−(r ∗)e −i t Hφ||= 0,
for any c− ∈C−.
An important point is that Ω2
+,Hre maps X
H1
in onto a similar subspace for He (and similarly at
Hr+ forH0). Ifψ is in the range of Ω2+,Hre , then there isφ ∈ X
H1
in such that:
lim
t→+∞
||e −i t Heψ− c−(r ∗)e −i t H1φ||= 0,
for any c− ∈ C−. Hence for any c+ ∈ C+, one can choose c− ∈ C− with support disjoint from
that of c+ so that:
0= lim
t→+∞
||c+(r ∗)e −i t Heψ− c+(r ∗)c−(r ∗)e −i t H1φ||= lim
t→+∞
||c+(r ∗)e −i t Heψ‖.
Conversely, all such states are mapped into X H1in by Ω
2∗
+,Hre .
Incoming and outgoing subspaces forHe andH0 were originally defined using the asymptotic
velocity operators constructed in Section 4.5.2. These operators were constructed on each of
the stable subspaces of the respective orthogonal sum decompositions associated to each of
the operators, they are:
P +e = s − limt→+∞e
i t He Γ
1e −i t He , P +0 = s − limt→+∞e
i t H0Γ
1e −i t H0 ,
and satisfy for any J ∈C∞(R):
(5.10) J (P +e ) = s − limt→+∞e
i t He J (
r ∗
t
)e −i t He , J (P +0 ) = s − limt→+∞e
i t He J (
r ∗
t
)e −i t He .
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In terms of these operators, X Hein = Ran1R− (P
+
e ) = Ran1{−1}(P
+
e ). Using (5.10), one can show
that X Hein as defined above coincides exactly with the image Ω
2
+,Hre X
H1
in , for instance, for any
φ ∈H ,
1{−1}(P
+
e )φ = J (P
+
e )φ = limt→+∞
e i t He J (
r ∗
t
)e −i t Heφ,
for any J ∈C∞0 (R) such that supp J ⊂ (−∞, 0), J (−1) = 1. Hence, for any c+ ∈C+:
lim
t→+∞
c+(r
∗)e −i t He 1{−1}(P
+
e )φ = limt→+∞
c+(r
∗) J (
r ∗
t
)e −i t Heφ = 0.
The other inclusion is proved in a similar manner, one can show for example that:
(5.11) lim
t→+∞
c+(r
∗)e −i t Heφ = 0, for any c+ ∈C+⇒φ ∈Ran1{1}(P+e )⊥.
Indeed, let φ satisfy the condition and let ψ ∈ Ran1{1}(P +e ). A similar argument to the one
above shows that for any c− ∈C−:
lim
t→+∞ c−(r
∗)e −i t Heψ= 0.
Choose now c+ ∈C+, c− ∈C− such that c++ c− = 1, then for t ∈R:
(5.12) (φ,ψ) = (e −i t Heφ,e −i t Heψ) = (c+(r
∗)e −i t Heφ,e −i t Heψ) + (e −i t Heφ, c−(r
∗)e −i t Heψ).
By the Cauchy-Schwartz inequality, it follows that for any t ∈R:
|(ψ,φ)| ≤ ||ψ||||c+(r ∗)e −i t Heφ||+ ||φ||||c− (r ∗)e −i t Heψ||
The right-hand side approaches 0 as t →+∞ so that:
|(ψ,φ)|= 0.
We can therefore define a global wave operator from the absolutely continuous subspace of
H1 onto the external direct sum Ran1{−1}(P+e )⊕Ran1{1}(P +0 ).
(5.13) Ω2+ :
X
H1
in ⊕X
H1
out −→ Ran1{−1}(P +e )⊕Ran1{1}(P +0 )
(φ1,φ2) 7−→ (Ω2+,Hreφ1,Ω
2
+,Hr+φ2).
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5.3. Comparison III. Although the results in Section 4.5 can be used to construct a scattering
theory for He and H0 on the whole Hilbert space, the previous discussion shows that, for our
needs, it only relevant to do this on Ran1{−1}(P +e ) forHe and on Ran1{1}(P
+
0 ) forH0.
The asymptotic profiles are given by:
(5.14)
H−∞ = Γ
1Dr ∗ ,
H+∞ = Γ
1Dr ∗ + c0.
The outgoing and incoming states are identical for both of these operators and givenby:
H + =Ran1{1}(Γ 1), H − =Ran1{−1}(Γ 1).
Due to the stability of the subspace under Γ 1,He ,H±∞, the results in Section 4.5 prove that the
following strong limits exist:
(5.15)
Ω
3
+,Hr+ = s − limt→+∞e
i t H+∞e −i t H01R+ (P
+
0 ),
Ω
3
+,Hre = s − limt→+∞e
i t H−∞

T exp

−i
∫ t
0
f˜ (Γ 1s )ds
∗
e −i t He 1R− (P
+
x ),
Ω˜
3
+,Hr+ = s − limt→+∞e
i t H0e −i t H+∞1R+ (Γ
1) =Ω3
∗
+,Hr+ ,
Ω˜
3
+,Hre = s − limt→+∞e
i t He T exp

−i
∫ t
0
f˜ (Γ 1s )ds

e −i t H−∞1R−(Γ
1) =Ω3
∗
+,Hre .
This gives rise to a unitary map:
(5.16) Ω3
+
:
Ran1{−1}(P+e )⊕Ran1{1}(P +0 ) −→ H −⊕H + =H
(φ1,φ2) 7−→ (Ω3+,Hreφ1,Ω
3
+,Hr+φ2)
.
Finally, composition ofΩ1+,Ω
2
+,Ω
3
+ yields a unitarymapW+ between Pc (H ) = X
H
in ⊕X Hout andH ,
where:
X Hin = (kerΩ
2
+
,HreΩ1+)⊥, X Hout = (kerΩ2+,Hr+Ω1+)⊥,
given by:
(5.17) W+ :
X Hin ⊕X Hout −→ H −⊕H + =H
(φ1,φ2) 7−→ (Ω3+,Hre Ω
2
+,Hre Ω
1
+φ1,Ω
3
+,Hr+Ω
2
+,Hr+Ω
1
+φ2).
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5.4. Scattering for the Dirac operator. We now return to the notations we adopted prior to
Section 4, where we dropped the explicit dependence of our operator H p for notational con-
venience. We recall from Section 2.3, that H p coincides with the full Dirac operator on each
of the subspaces associated with the eigenvalue p ∈Z+ 12 of Dφ . All the operators under con-
sideration are stable on each of these subspaces so that to obtain the scattering theory for the
Dirac operator one only need to reassemble each of the harmonics. Since the Dirac opera-
tor has no pure point spectrum27, there is no need to project onto the absolutely continuous
subspace.
6. CONCLUSION
In this paperwe haveproposed an analytical construction for a scattering theory for particules
in a region situated between a double and simple horizon of an extreme Kerr-de Sitter black-
hole. The presence of the simple horizon alone simplified the problem considerably, being an
obstruction to the existence of pure-point spectrum, and the existence of a conjugate operator
in the sense of Mourre theory ruled out the possibility for any singular continuous spectrum.
The setting was therefore ideal for an analytic scattering theory.
We found that, from an analytical point of view, the double horizon region was analogous
to that of spacelike infinity in Kerr-Newmann spacetime. The theory is in fact slightly easier
because themass termsdonopersist at thehorizons,meaning that things appear to boil down
to the massless case. As in this case, the reasoning hinges on the ability to obtain a minimal
velocity estimate.
The main difference and novelty is that the double horizon exacerbates the effects of the ro-
tation of the black hole by complicating the structure of the angular operator; the mass also
plays a lesser role here. However, this did not prove to be an essential difficulty for the analytic
methods used in this paper, which is another illustration of their robustness.
The methods used here do however have the clear disadvantage of not being very geometri-
cal. In some sense, the study of the effects of the double horizon is reduced to the distinction
between long and short-range potentials; it would be considerably more satisfying to seek a
proof of the results in this paper with a clearer geometrical meaning.
27see again [3]
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APPENDIX A. THE HELFFER-SJÖSTRAND FORMULA
At several points in the text the Helffer-Sjöstrand formula is used quite liberally to establish
results about commutators. In this appendix, the reader will find some more details about
this formula.
A.1. Almost-analytic extensions. Let f ∈C∞(R), one can extend f toC in the followingman-
ner: let n ≥ 1 and τ ∈ C∞(R) be a smooth cut-off function satisfying: τ(s ) = 1 for |s | < 1 and
τ(s ) = 0 for |s |> 2, then we set for z ∈C, z = x + i y , (x , y ) ∈R2:
(A.1)
f˜ (z ) =σ(x , y )
n∑
r=0
f (r )(x )
r !
(i y )r ,
σ(x , y ) = τ

y
〈x 〉

.
f˜ is R-smooth and:
(A.2) ∂z¯ f˜ =
1
2
{∂x f˜ + i∂y f˜ }=
1
2
∑
r=0

f (r )(x )
r !
(i y )r

(∂xσ+ i∂yσ) +
1
2
σ(x , y )
f n+1(x )
n !
(i y )n .
Since (∂xσ+i∂yσ) 6= 0 only if 〈x 〉 ≤ y ≤ 2〈x 〉 then if x is fixed and y → 0, the expression in (A.2)
implies that |∂z¯ f˜ (z )| ≤O (|y |n ) when y → 0; in particular, it is 0 if z ∈R.
A.2. The formula. The Helffer-Sjöstrand formula gives a convenient form of the functional
calculus for a class of symbols f . In [10], it is used to construct the entire functional calculus,
but it was originally proved assuming the usual function calculus in [20]. The formula makes
sense for symbols f for which there is some β ∈R+ such that, for all n ∈N:
sup
x∈R
| f (n )(x )〈x 〉n+β |<+∞.
Following [10], let us denote this setA , examples of elements ofA are elements in S 1,1. The
result can be stated as:
Theorem A.1. Let f ∈A , then if A is a self-adjoint operator on a separable Hilbert spaceH :
(A.3) f (A) =
i
2π
∫
C
∂z¯ f˜ (z )(A− z )−1dz ∧dz¯ .
The integral converges in the operator norm topology and is independent of the choices of n and
σ in the almost-analytic extension.
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The integral above can be interpreted as a Bochner integral and its convergences follows from
the following estimate on C \R of the norm of the integrand:
(A.4) ||∂z¯ f˜ (z )(A− z )−1|| ≤ c
n∑
r=0
| f (r )(x )|〈x 〉r−21U (x , y ) + c f n+1(x )|y |n−11V (x , y ),
for some c ∈R∗
+
;U = {(x , y ) ∈R2, 〈x 〉< y < 2〈x 〉} and V = {(x , y ) ∈R2, 0< y < 2〈x 〉}.
APPENDIX B. THE FAÀ DI BRUNO FORMULA
Let f ,g ∈C∞(R), then for any n ≥ 1:
(B.1)
( f ◦ g )(n ) =
∑
(m1,...,mn )∈In
n !
m1!1!m1m2!2!m2 . . .mn !n !mn
( f (m1+...mn ) ◦ g )
n∏
j=1
 
g ( j )
m j ,
In = {(m1, . . . ,mn ) ∈Nn ,
n∑
j=1
jm j = n}.
